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Lecture 1

History

Introduction

Covariant (1 + 3) formulation
ADM (3 + 1) formulation

Newtonian cosmological perturbations

G Lo de

“The theory of linear (i.e., small) perturbations of the expanding, isotropic, and ho-
mogeneous Friedmann cosmology springs into existence virtually full-grown with the
work of Lifshitz (1946).”

Press and Vishniac (1980)



1. History

e Background: spatially homogeneous and isotropic world model

— Relativistic (Friedmann 1922)
— Newtonian (Milne 1933)

e Structures: general linear perturbations

— Relativistic (Lifshitz 1946)
— Newtonian (Bonnor 1957)
— CMB anisotropy (Sachs-Wolfe 1967)

e Observations:

— Expansion (Hubble 1929)

— CMB (Penzias-Wilson 1965)

— 3d large scale structure (mid 80’s -)

— 2d anisotropies in CMB (COBE 1992 -)
— 2dF, SDSS, WMAP, Planck, ...

— Acceleration (SN teams 1998)



Evgent Mikhatlovich Lifshitz (15 -1935)
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2. Introduction

Gravitation:

e Newtonian gravity

— Non-relativistic (no c¢)

— No strong pressure allowed

— No horizon

— No gravitational wave
e Einstein gravity

— Relativistic gravity (simplest)
e Generalized gravity

— Brans-Dicke theory

— Quantum corrections

— Low energy limit of unified theories (e.g., string theory)



Methods:

1. Newtonian:
(a) Hydrodynamic equations
2. Relativistic:

(a) Einstein’s equation (Lifshitz 1946)

(b) Covariant equations (Fluid-like, ,; Hawking 1966),
(¢) ADM equations (3 + 1, n,; Bardeen 1980, 1988)

(d) Action (Lukash 1980; Mukhanov 1988)

3. Energy-momentum content:

(a) Hydrodynamic fluids
(b) Scalar fields



Three modes:

1. Scalar-type: Density condensation
2. Vector-type: Rotation

3. Tensor-type: Gravitational wave
e Decouple to the linear-order in spatially homogeneous-isotropic background.

— In anisotropic background world model (e.g., Bianchi type I) the non-vanishing shear
in the background will couple all three-types of perturbations.

— To the second order in perturbations the linear order perturbations of all three-types
will source (thus, couple) three-types of perturbation in the second order.

Classical Evolution:

1. Scalar-type: super-sound-horizon scale conservation
2. Rotation: angular momentum conservation

3. Gravitational wave: super-horizon scale conservation
e (1.2): independently of horizon crossing.

e (1-3): independently of changing equation of state, changing potential, changing gravity
theories.



Origin:
1. Topological defects

2. Quantum fluctuations + inflation

Three stages:

1. Quantum generation (becomes macroscopic by inflation)
2. Classical evolution (super-sound-horizon, linear, conserved)

3. Nonlinear evolution (far inside horizon, Newtonian simulation)



scale Horizon
(—3000Mpc)

Relativistic linear stage _

: Distance between
conserved evolution )
two galaxies

(~1Mpc)

Newtonian
Nonlinear evolution

Macroscopic (—10cm)
Quantum
generation 1

Microscopic (—10-30cm)

time

accelerating Radiation era Matter era DE era?
recombination

radiation=matter
(~380,000yr)

(~10-35sec)
present (—14Gyr)



Einstein’s equation

Action:

S [ |omg (7= 20) + Lo vt

where g — dEt(‘f}nh] and {5( \V _gflm.) = %V _‘{}Tﬂhéguh-

Einstein’s equation:
Gm'i — SWGT:H’) = Aﬁnh-

Energy-momentum conservation:

Th 5= == '[]'

Latin indices a, b, ¢, - - - = spacetime; Greek indices v, 3,7, -

Tildes indicate covariant quantities.
Signature convention: (—1,+1,41,41).
Weset c=1=h.

Curvature convention:
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ach?
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= space.
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3. Covariant (1 + 3) Formulation

See Ehlers (1961), Ellis (1971,1973) [8, 35, 51].

Introduce time-like normalized (a"u, = —1) four-vector field @, in every spacetime point.

The projection tensor:
hm‘: = f}nh + ﬁ'H "}-h: h.‘rh'i?:"-{rJ — {-] h:: — 3 {:6)
Decomposition:

I h,, i = h[ ,L‘rh] U + H{”hmu, d = Wap + Oop = Ugp + Gglip,

T e e g o G a ad

Tah = Huh = Tgehuha 0= ”- v g = Ug = Ug:pld y

" . : 1 =~ s

Ug:h = Wab + Tap + iﬁhuh — g Up. {:7)

= expansion scalar
a, = acceleration vector
Waep = TOtation tensor
g., = shear tensor
Introduce
1

~ -m'un"— - - - ~ =
WT — 5 “I ’LJ.-E'“’ L.L-'”,h — ?.l}Hl:J‘r'rf\""".r {l' .

- = 3 . ~ 1 - —
where 7j20! = fjlobed] with 72 = 1//=3.
Indices surrounded by () and [ ] are the symmetrization and anti-symmetrization symbols.



The energy-momentum tensor is decomposed into fluid quantities based on u”:
Ty = fiii Ty + P (b + Tatlip) + Gally + Golta + Fabs (9)

where

M BV S = = Tt
wWg,=0=u Taby  Tab = Thay, T, 0.

Il

(10)
Thus

1. ab ~ r ~cpd ~ __m Lend ~7
{;.’Jhu v o = — r:nfuchau Tah = Tr.‘rfh;hf;; - phm’;- (11)

Tap = anisotropic pressure (stress)

Frame choice:

We have ji (1-component), p (1), Ga (3), Tas (5). and i, (3), thus total 13 components to fix T
which has only 10 independent components.

Thus, we have freedom to choose frame vector:

Energy-frame: e =0

Normal-frame: Uy

I

ng, with n, =0




Covariant equations:

Ha}rchaudhuri equation:

L~ 2

9+39- i, +2 (6% — &%) + 4nG (i + 3p) —

Vorticity propagation:
Rg 4 00" = 61" + S inica.

Shear propagation:

— - — -~ ~ [ e
h h;, (D'mr af(f,:,ﬂ) — QaQp + WoWp + G0y, + gﬁaﬂh

+Eﬁb = 4WGﬁ-nh = 0.

Three constraint equations:

-~ . 2~
h-ﬂ.b ('l-:"bﬂ;p — &!}c:f_' -+ _th) + (":':"r:h + 5}15) &b — S?TGQEH

3

ws, = 20

-

The energy and the momentum conservation equations:

i+ (it +P) 0+ 7% e + G°, + §%da = 0,

o e ~ (- . : . - 4 - :
(.-“* = P) Qg + h’i (p.h ¥ Wﬁ:c + ‘?h) 1K (L‘-"m': + Oab + gf}hub) qh

Hnb = Qﬁ{ﬂ':"f)} hph ( &if + J ) Tld)ge fu‘

hmr,(w —1—20 —a“ )

0.



In the normal-frame, thus u, = n, with n, = 0, we have w,, = 0.
The trace part of the Gauss equation give:

. 1~ ;
R® = (—592‘ + 5% + 87Gi + A) + (20)

R®) is the scalar curvature of the hypersurface normal to 7i,.



Weyl parts:

The Weyl (conformal) curvature:

- - 1 /. = . = sy B I Vi o v

Cnb(rd = Rahrsd - 5 (Qunth + gbﬂ'Rﬂr‘. - gi’mRad - ‘Gg:de{:) -+ ER (grtrrgbd - gﬂ.r.!'.gb(r) . (21)
The electric and magnetic parts of the Weyl curvature:

R ~ ¢ ~¢f T ]'- ef ~ ~ ¢ =]

Eu = Cachat®@",  Hap = Gjoe " Ceppati®u’. (22)



Four quasi-Maxwellian equations:

divE:

divH:

o

=

hh h(,{ Efm' -m';r'dﬁ 5_{ de f 3 Hrr ]
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4. ADM (3+ 1) Formulation

Arnowitt-Deser-Misner (1962), Bardeen (1980, 1988) [3, 4, 5, 51].
The metric:
ds* = —N?*(d2")? + hag (dz® + N°da") (dz” + N"dz").

N = lapse function
N, = shift vector

hos = three-space metric

h®? = inverse three-space metric, h”“'ih,j—:, =

ADM variables are based on h,3 as the metric.
Metric and inverse metric tensors:

o 2 ~ 3 ~ -
GJoo = —-N“+ N iJ\'rrw Joa = i\'rru = ht.‘l_.'ir
_(}lm — —.NF_E., gl}n - N—E Nn! E}n;i e hn-,"i o N—i‘Nrr Nd,

The extrinsic curvature:
1

1 . _
erj = ﬁ (ﬂh‘-‘r‘r"-".j +: G — hn,-’i\ﬂ) : = hﬁdKﬂﬁ? Kﬂji = Kn_u'i = _hn;’i-‘{{v

3
The intrinsic curvatures based on h,g:

(h)a _ n(ha (h)oe (h)e h) (h)e (h)ex
R "Ij'-.l"'ﬁ — F _— F —E_ F J{.’;F“ L::.f — r .I,j_:rr éf'.‘

: 1 L ! > 1L 1 1
RM=R" . R®=pBfR" R =PR" _ 2has R
h |
F{ }Tﬁ’ = Eh’ms (h's'iﬁﬁ' 2 hﬁ*} Y hdﬂhﬁ) :

(27)

(30)

(31)



The normal vector n,:

fio=—N, f,=0 A°=N"1 7*=—-N"'N° (32)
The fluid quantities:

E=%g0T?, Jo=~I% Ss=T.s B=hP8s 8.i=8m— %hmjs. (33)

E = energy density
J, = flux vector
S = 3xpressure

S.3 = anisotropic stress

The ADM fluid quantities correspond to the covariant fluid quantities based on the normal-
frame vector:

E = ,&1 S = 3}5} Jﬁ - C-jftf Sm‘i — ﬁ_ﬂ;i- (34)



ADM equations:

Energy constraint equation:

RM™ = KK, 5 — %K"—’ + 167GE + 2A. (35)
Momentum constraint equation:

TR

R3p—sKa=81GU, (36)
Trace of ADM propagation equation:

KN 1K ,N°N 14N N1_K¥K,z— %Kz —4nG(E+S)+A=0. (37)

Tracefree ADM propagation equation:
EEI}N_I o _g:TNTN_I ic R,.I?TNH:TN_I o H;INT:ﬁN_l
o ¥ 1 o : == =(h)e CY
= KKj — (N' §— Eéﬁ.w_f) N4+ R 3;;. — 87GSj. (38)

Energy conservation equation:

ok

EgN™' — E,N°N~!' - K (E + %S) — 8%K.5+ N2(N2J%) =0. (39)

Momentum conservation equation:

JaoN ' = JougNPN™ — JyN? N1 — KJ, + ENo N+ 80 .+ SINgN ™' = 0. (40)




Multi-component case

In the multi-component situation:
ub = Z T{;‘. abs {?]ab = I{;Jﬂ_, ZI{‘["J” = ().

Based on the normal-frame vector:

Jﬁ‘ = Z ﬁ[“u p'“ = ij{ﬁ}v éﬂ, = Z 6{."1'}.-1.-. Tah = Z ﬁ-{ﬂ']nh-
fe 1

L'
In ADM notation F = fi, S = 3p, Jo = §a,

Sus
E = Z E{g.}, == Z S{A-]., = Z - Z 5(R~}rm‘*
k k ke k

(41) gives the energy and momentum conservation equations for individual component:

1

B e - o3 - —d < Jri
E{FJ.!]N 1 Ef,i}.nN N - K (E“} T ES“O - S[fl Kop+ N } (N‘)Jm):ﬂ

1 s 5
L (g Fpoi®®),
N({m (i) :

JiaoN " = JiyapN° Nt = J5sNP ,N7' — KJjya + EgyNoN ™!
3 3 -1 _ 7
+S(£}n:_{i + Sman'fN = I(i)a-

(35-40,44,45) provide a complete set of equations.

(41)

(42)

(43)



5. Newtonian Cosmological Perturbations

Hydrodynamic equations:

Continuity (mass conservation), Euler (momentum conservation), and Poisson’s equations:

o0+ V- (gv) =0,

1
V+v:Vv=—-——Vp—-VQ,

0
V32® = 47Gp.

Uniform background:

v = Hr where H = 2.
(46-48) give:

o0+ 3Hp=0,
: o 4G
H+He=—=-—

i 3

& — 2rG
3

From these we have

87 2F
Hi=""p4 22—
3 ¢

0.

o =

or-.

where E is an integration constant.

(46)
(47)
(48)



Perturbations:

Introduce perturbations:
o=0+0p=0(1+6), p=p+dp, v=Hr+u,
Perturbed parts of (46-48) give:
%) _
E(?Q+H1‘-V5Q+3H09+ oV-u+ V. (jou) =0,
%u+Hr-Vu+Hu+u-Vn= —_ng
, e 0
V36® = 47Gop.

Introduce the comoving coordinate x

- Voo,

r = a(t)x,

thus

7 i 7 e

a
alllllaf it @it e il
ot — Otle  Otlx ' \0tle ) X o
Neglecting the subindex x, we have
| 1
0+-V-u=--V-(du),
a a

1 1 1
u+ Hu+ EVCS@ = —— V(Sp_ — —u-Vu,

g (5L
—V%5® = 471G 30.

{1-—!

O =P+ 5P,

(58)

(59)
(60)

(61)



We introduce

1 —
f=-V-u w=
a a

By applying %V' and é?x on (60) we have:

; B 1 Vop 1

0 0+ 4 = ———N7 PR 0 O ‘
+ 2HO + 417G oo azgv (1 m {},) HEV (u-Vu),

1 (Vd)xVip 1

a?§ (]_-|—5)2 E"{? X ('I_l Vu)

Combining (59.61,63)

W +2HT =

V. dp
1+6

. . 1
a=pop

) — H_lz [aV - (du)] + aigv -(u-Vu).

(59-65) are valid to fully nonlinear order.



To the linear order, using dp = v2do
. . A
§+2H5 - (4nGg+ o2 )5 =0, (66)
N—— a-
gravity S
pressure
Expanding in a Fourier series § o< ¢’** where k is the comoving wavevector, Jeans criteria
becomes
2ma s
Ay = — Vsu | —=—- 67
4 ks G@ ( )
A>A; —  gravity wins

—  grow + decay

A< Ay — pressure gradient wins —  oscillate

“But if the matter was evenly disposed throughout an infinite space, it could never
convene into one mass; but some of it would convene into one mass and some into

another, so as to make an infinite number of great masses, scattered at great distances
from one to another throughout all that infinite space.”

Isaac Newton (1692)
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Lecture 2

Perturbed world model
Basic equations

Gauge issue

Hydrodynamic perturbations
Covariant approach

“Do I dare disturb the universe?””

T. S. Eliot (1888-1965)



1. Perturbed World Model

Background metric:

Spatially homogeneous and isotropic Robertson-Walker metric:
ds® = a? [—dng 5 gfjf}d.-r“dmﬂ . (68)

n = conformal time, edt = adn.
a(n) = cosmic scale factor.

Several representations:

T 2
(‘{52 — {1,2 -— d??ﬂ B % + T'E (dﬂz -+ Hiﬂg 9{0'3('-:)2)] ¥ (69)
ds* = a® | —dn® + — (da® + dy* + d2*) |, (70)
S s
' . 1 . .
ds* = a® |—dn® + dx* + ( sin (VK x ) d6” + sin® 0do?) | | 71
e+ | SR VEY]) ( ¢%) (71)

where

r

—. T =%+ y?+ 22,
1+ &72° vty |

Il

5 dr
X = =, 72
x=| g =

Three cases depending on the sign of the spatial curvature, K.



Perturbed metric:

Introduce perturbations:

ds* = —a® (1 + 2A) dn* — 2a° B,dndz® + o? ( E:E +2C, a) dz“dx”. (73)
Decomposition:
A= a,
n = fgﬂr B{{’”]
C af = ﬁogf{yj + Y,alB + Cm| 3) =T C“} (74)

B, and C\; ete, and vertical bar are based on gff;

Scalar-type: a, 3,7, ¢ 4 (2)
Vector-type: Bé”], cW transverse B[”JO" = (i= G(”}am 4 (2)
Tensor-type: Ca 3 transverse-tracefree ~ C'"” alf = 0= C‘“](T 2

The (scalar, vector, tensor)-type perturbation has (4, 4, 2) independent components and (2, 2,
0) components are affected by the coordinate transformation.

Linear perturbation assumes all perturbation variables are small. Thus, ignore any quadratic
and higher-order combination of perturbation variables.

To linear order the types of perturbation decouple in the homogeneous-isotropic background.



Why linear theory?:

1. The CMB temperature and polarization anisotropies are very small %I ~ 1077,

2. The large-scale clustering of galaxies are approximately linear as the scale becomes large.
Our own homogeneous and isotropic background world model relies on this assumption.

Observations are not inconsistent with the assumption.

If the fluctuation is on ~ 1077 level, Taylor’s series theorem guarantees the non-linear terms
are negligible ~ 1071,

Still, considering that the basic equations are fully nonlinear, it is matter of whether we can
ignore (or tolerate) the level of nonlinearities.

It looks we may currently assume linearity in the early universe and in the large-scale in the
present era.

If the situation is linear, then we can handle both physics and mathematics very reliably.






Theoretical predictions of temperature
and polarization anisotropies
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ZdF 2dF Galaxy Redshift

d=v/H=
cz/H
= 300htMpc

245,591 galaxies
Limiting magnitude : 19.45



SDSS

Fight escension
11h

z~0.06

z=vlc ~0.03
d =v/H ~ 100h-tMpc

1732 galaxies

de Lapparent etal. (1986)



Current power spectrum P{k) [{h~! Mpc)3]

Density power spectrum

Wavelength A [h~! Mpc]
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Connection and curvature:

Metric:
goo=—a?(1+24), Goa=—0’Ba, Gap=0*(95) +2Cas).

Inverse metric:

1 1 ; 1
5!“[} =—— “ _ EA}. gﬂrh s _?Bn! .‘}ﬂﬁ == (Hl:fi]nﬁ - Ecm’i’) )
(il il (L
Connections:
= (I'r ~ ﬂ;'r o ﬂ_f
Pgﬂ = e "4'!'.‘ I.‘Hn = A.a ot _Bn-. Hﬂ = A" — Bu! — {_B“"
t’I I

|f
T 3
Fﬂﬁ = yftj —2— gmg“q it B[ﬂ| 3) + C{'r’f‘l' + 2 (im']‘

J'

N a 1 | : (3) a’ (3) |
8 =205+ 5 (B *-BY)+Cy, T8, =T%% + S+ o0y, - C, "

.l-'r"r

Curvatures:

a'

r
Buan =0, Boop==(5) Bor g =0

£

50 @\ @ _[d, a\" 1@ / a’ " ; a’
R ald = E gr_r.ﬂ — EA + 2 E A Jctd A-“Ifi + Bff-ﬂf” + EB{(,EH} + Cnﬁ + C-T ¥ + 2 p Cﬁ_,-_-i_.

= i a.'f {3] ].
R apy = 290345 — Bajign) + 5:(3-”&5 = Bpjay) = 2Caigp):

i " ! i < la . o
RQDDH = (%) 53 = %A’ﬁﬂ 4' ;‘1‘ (B | + F nl ) + 5_ (B | + B-:tl ;‘.) N (-{:H Cﬁr,
[

~ a’ = 2 . "
Ry = 20003451 = By, + By 2 (n.) 0 Bn) — 20

] 2
iy a (3) 4.0 I a (3) po a' (3) pa N 1 & o
R oy = a ( Gon A ﬁ""A‘ﬁ) T (E) %or D (?) (g.-’"i"r'ﬁ — 0y Eﬁ’) T2 (Bﬂl —-B Id)

(75)
(76)
(77)
! |n
(.Tld Cﬁ'x '



2
- (3)a a’ {3] {3]'
Rnﬁ’rﬂi =R gys + (a) (ﬁf: Jps — 959 ) (1-24)
1a 3 P 3 o i S
+_E [ ( :'(B “+ B h) = ‘?Eff—y} (Bal +B |5) + 265 B(gjs) — 205 B{ilﬂ]

(El

3 X 3 ¥ o ¥ a; X Ly
+ a [ L:S}C - g{ ]C "+ é’rcéﬁ — 05 CE"T + EE (‘iwcfﬁ — 05 Cﬂ‘:r)]

- |ex |
+2C015, = 2C0ms + Cay 6= Cas o (78)
~ o'\ a a' a'
Ry = -3 — +3—A’ +AA-BY ——B° —-CY - —CY,
a la g7 o a

A Py 2
Roo = 2% A o - R B Bu'f‘lﬁﬂn—lﬂd e e
a a 2 2 B Bla

5 a / a’ 2 3 5 a’
Ras = 2Kg5) + [(E) +2 (E) 91— 24) A’H{ ) — Aois + Blyp) +2= < Blas) + —HQ}B.'H

AN ry 2
+Cﬂﬁ+2 C’ﬁ+2|i(%) +2(%) \‘ij—l_ HLJ;CFH C‘?ﬂ:li}"; C":l-:tfi_&cﬂﬁ’ (79)
iy iy 2 ' Py 2
e 0] [ ]
] '
+2B7, + ﬁ%ﬂ“& +2C3" + 6%0;"’ —4KC§ - 2ACT + 20“’3&}3}. (80)

It is convenient to have:

- (3) 4 (3)d
B%\gy = B%yp — B"45,B°,  Bajgy = Bcrl"nﬂ + R 50 Bs,
3a 1 a (3 3 3 3 : :
R, 10 (3309 —a02) . B = 1RO, R —oxc -
Time derivative convention:
A= oA A= @, cdt = adn. (82)

ot dn



In decomposed form Ricei and scalar curvatures are:

) a | B P N (v)|a (v)a TPRR e
+ [{d+q-’)’+2zid+qr’) —a-— :,9} +53 {a {B g+Bg + (C s+ Cs )

]

(t)ewts a' (t)ewr (t)ex
+CY +2-CYY — (A - 2K)C 3]}

A Py 2
R=i2{ﬁ [(a—') +(a_) + K
il i1 il

AN I 2 '
~12 [(%) + (%) ] a—12K¢ + 2A {[3+’r’)’+3%(3+’r’}—&—2@] }

!
+ 6" + ﬁ% (3:,5:1’r — (_r’}

(83)

(84)



Kinematic quantities:

Metric quantities:

N = a (1 + a) = lapse function,
N, = —a’ (,Su - B ) = shift vector,

hag = a® [ 9. +2 ({,ﬂyi;g T Y018 T Cf:l},i = Cﬁi)] = three space metric.

Kinematic quantites in the normal frame:

§=—K =3H — kg,
1
&n-_,-';! — _I{ﬂﬁ — thj (}ﬂ j&:}( -} t‘I\I’ ‘|— (L C

ri3?
f-:*'n_.-.? - 0:
G = (lnN) = Q g,
h
Ry _[6K —4(A+3K) ],
where we introduced

. ] ! ~( - . ﬂ'
x=a(B+ay), ¥W=BW4aCV, k=6K=3Ha—3p— =X
Thus
Y = shear
r = perturbed expansion
w = perturbed curvature

(85)

(86)

(87)



Energy-momentum tensor:

Perturbations:
Tan(x, 1) = T (t) + 6T (x, 1).
Fluid quantities:
To=—n—0u Ta=Qa, T§=(p+0p)ds+

Decomposition:

Qo = (1 +p) (—1{” - 'Uff’)) :
1 L (3 (t)
I—.[n]--;f -— ;i‘ (H “[i = 'égn iﬁH) H{nl i} + Hﬂ',l.i'

These variable are frame independent.

The frame vector u,:

do=—a(l+A), da=a(Vy—B,): @@= 2(1 _ 4),
The normal-frame vector n, sets n, = 0, thus V,, = B,:

g =—a(l+A), 7fg=0; n' = i(l—A), — a,Bﬂ
The energy-frame vector sets ¢, = 0. (9,89) gives:

Vo= By =

p-i—pQ'

. 1
71e = ~y° 3
a

(88)

(89)

(90)

(91)

(92)

(93)



2. Basic Equations:

Background:

(T?H and G — 2GY:

2 _ @G K A
H=—n-5G+3
a 4G A
e L 3 =
z 3 (1 + 3p) + 3
lhl?l:lf: = 0:

[+ 3H (p+p) = 0.

(96) follows from (94,95).

(94)

(95)

(96)



Scalar-type perturbation: (Bardeen 1988) [5, 13]

Definition of &:

. A
HE3H&—3@“E}(.

GY, GY

va _ 1lsary o 0.

Hi + A +23K
a

A+3K
2

k+2Hk + (33%—%)(1.':4?7@(5#4—3533)?
X+ Hx — ¢ —a=8rGIL

w = —4rGou,

K+ X = 127G (p + p)av,

j:'[ij:b =0

atld T£1b = U

1
Oft + 3H (op + dp) = (1 + p) (m —3Ha + a&w) ,

la'(p+p)] 1 i 1 ( 2&+3KH).

ap+p) a  a(u+p)

5p+§ a’

(97-103) provide a complete set for scalar-type perturbation.

(97)

(98)
(99)

(100)
(101)

(102)

(103)



Vector-type perturbation:

G9, G% and T, =0

A

o) 4 Qﬂmp{ Y) = 8rGIIY),

at(u + p)od ] CA+2K 11
a*(p + p) 202 pu+p

For vanishing anisotropic stress:

Angular momentum ~ [rﬁ(,u +p)-a- o

Tensor-type perturbation:

64 +3HCY) B 21{0}2 = 87GILY),
a?
For K = 0:
1 ¢ A
3 ( dC’:‘;&) p C'}uja = stress.

cY 3 18 conserved in the super-horizon scale.

~ conserved.

(104)
(105)

(106)

(107)

(108)



Derivation of (101,105,107):

G4 — 185G or (38) gives:
1

1
o (VQVH = —gf;iiﬂ) (% + Hx — ¢ — a — 87GII)

a <
L/ ag Y 1_(v)
+E§ (“‘ lp[rﬂ_d]) = SWGEH[HW}
. - A — 2K
+8Y9 1 3HCY - ———cY _sraml,— 0. (109)

(L=

We can decompose (109) to three different types of perturbations:

First, by applying V® on (109) we can derive an equation.

Second, by applying V*V” on (109) we can derive another equation.

From these three equations we can show that the three perturbation types decouple from each
other and give (101,105,107).



Scalar field:

Action:

. 1 =~ 1.,-

Energy-momentum tensor:

Tab - Qj.a‘?ﬁ.b = (Eérﬁbr‘ 1 V) Gab-

)

&2

Equation of motion: (V; = *

f.:?

— —

V) v

(110)

(111)

(112)



Perturbation:

o(x,1) = o(t) + 56 (x, ).

Equation of motion:

Background:
é+3Ho + Vo=0.

Perturbation:

06 + 3Hdp — §6¢ + Vs = 6 (k+ &) + (2{5 + 3H¢'5) a.

Fluid quantities:

_1'2 _1'2

o= 03¢ — ¢*a+ V400, dp=0dp—d*a—Vudp, (u+pv= ~009,
o =0, I,z=0.

¥

Notice that

0¢ =0 implies v=0.

(113)

(114)

(115)

(116)

(117)



Derivation of (115,116):

(112) gives:

e a9 (5t T
=g (fﬁ.ﬂu —T {iuﬁ.f’.e) + g ( f‘z;'ié-.c?)
g (f:f;._uu -T gu?&u) +g* ( ~ I} rﬁiu s f‘:;ﬂgz’ ":r')
=V;=V;(9) = V3(¢) + (V;3),600 = V() + Vips09.
Using (76,77) we can derive (114,115)

\.._,_,_...-"‘

From (89,111) we have:

- - - 1 - - ~ 1 - o~ ~
T'[JU - —H '5:“3 — ﬁﬂcqﬁ,cé,ﬂ - [Eécﬂqs.cé.d + V(Gﬁ)] — ﬁhmﬁf}_[}ﬂiﬂ — V(Qﬁ)

11

=53 (1 =20)(0+09), (¢ +09) o — V() = Viydp

1. . :
= —§¢52 —V(¢) = ¢3¢ + ag® — V0.
Thus we have p and dp in (116).

(118)

(119)



Multi-component case:

Energy-momentum tensor in (41) gives:

B = ZH{I‘:L pP= ZI”{F.-);
Op = Z Opi(k), Op = Zépm (L +pv= Z(P’u + D)) V(k
(e + }U)'U D=3 (ug+ P{A-.y) H}’ Mg = Z H (K)ap;

j'.
Fia = Iy + 81iya, ﬁmhzﬁhm+ﬁﬁi I, =0.

Energy and momentum conservations (44,45) give:

. 1
iy + 3H (o) + i) = =Ly,

. . . | 1
Opuiy +3H (é,u.{;} - épm) = (a“'{f} -+ p(.,-;) (E —3Ha + —&'u{.,-}) — -&an,

[a*(uiy + piy)ve) 1 1 A 2A +3K
1 (i) (1)) = — + }'J“} —H{i] (E}‘I{” .
a* () + peiy) a  a(pu +pu)) 3 a
hﬂmn+mﬂ{m]:_ﬁ+zﬁ 114 el oI,
a*(pi) + piy) 2a* i) +PE) Qg T PG '

(97-103,123,124) provide a complete set for scalar-type perturbation.

(120)

(121)

(122)

(123)

(124)

(125)



Scalar fields:

Equation of motion:

b (X, 1) = by (t) + o) (x, t).

Equations of motion:

é’{i} T Squ{?] + Vﬂ:‘l‘m = 0,

) + BHOG( — =066) + D Visuyoun 0 = b (5 + @) + (28) + 3Hdyy ) o
k

Fluid quantities*

Z¢A}+V = Z%)

o = Z (05(5115435[;:) = ﬁb{;;)fl + Vqﬁmfs?s{k}) =
k

p=> (ﬁf}’(kﬁé’fk} — Pl — I’imﬁ@m) :
ke

1 - "
(n+p)o= Ezfi‘mﬁ@ﬁ{kh vE:" =0, I,z=0.
3

(126)

(127)

(128)
(129)

(130)



3. Gauge Issue

e Einstein gravity has spacetime covariance.
e Coordinate invariance — more variables than equations.

= Gauge freedom: freedom to choose some conditions.

“A gauge transformation can be thought of as a coordinate transformation induced
by a change in the correspondence between the physical perturbed spacetime and the
fictitious background spacetime introduced to define the perturbations.”

J. M. Bardeen (1988)
e Spatial gauge freedom: trivial in Friedmann background
e Temporal gauge freedom: affect scalar-type mode
e Exist several fundamental temporal gauge conditions.
Except for the synchronous gauge, the other gauge completely removes the gauge mode
— gauge-invariant!
e Fixing gauge — lose no generality.
e Physics is gauge invariant, i.e., does not depend on the gauge condition we choose.
e A known solution in a gauge — all solutions in every gauge.
e Practically, important to take a gauge which suits the problem.

e Usually, we do not know the suitable condition, a priori.



Gauge transformation:

Transformation between two coordinates x* and z“:
‘rﬂ P ‘LLH' _|_£ﬂ'(3: )
Tensor transformation property between % and &“ spacetimes.

~ 2 Oi = b _ 1 ai?.d :

@(IF) = ‘I}*(ir)a 'E’n.(-'rp) d:r‘* (% ) ﬁm’)(mr) = axawtrﬂ(f,)-

We have, at the same spacetime point:

¢(z°) = P(z°) — d.£",
'E"u(-frﬁ) = ﬂu(:rr) - "E’a.béh - ﬁbgj_m
fﬂ:‘J(Ir) = Eub (IE.) o fo_{“g""‘m - fﬂ.b,r“fr-

From the gauge transformation property of gu:

i ~01 H_r”[]
A_"A_ 5 +I.'L£ ]

- hﬂ o~
Bt. — oy —‘5 ¥ + S:}-'.'

ahy

a3 13
Cﬂ;f — Cmi - E&ﬂgi;’} - Eg.‘(”ij ‘S - gﬂ[néd}

Thus, even the Friedmann backeround (in x® coordinate with A = B
ik

(131)

(132)

(133)

(134)

= Cus = 0) looks

perturbed in # coordinate, and we do not want to confuse such effects from real perturbations.



From the gauge transformation property of Typ:

op=0p— €, 8p=0p—pPE Qu=Qu+U+p)s as=Ts.

Decompose:
Blp f=lp e o <o
a a |
We have

. a 1 ' 1
é:ﬂ'—éta 6:ﬁ—a§t+a(§)a ﬁ’r:’?_agﬁ @:@—H&t’

. A
x=x—-¢&, &=H+(3H+E)£t,

Y

S w A - # 1 7 !
Op=0ou—pg, op=20p—p¢, v=v—=¢ I=I, 6¢=3dp—¢t,

BP =B +ad), CP=0P &0, 0 =90, o=, [P =0

{l )

A

(1) (t) (t) (t)
Cﬂ_ﬁ' =C Hm‘.ﬂ' =1I

a3 af’

Scalar-type: affected by £ and €
Vector-type: affected by -
Tensor-type: gauge-invariant

(135)

(136)
¥

(137)



Derivation of (133,134,137):

For v,:
N diﬁh
Ua(2°) = Z—0p(2
— f’a( )
thus
ﬁa(mﬂ) — ﬁﬂ(mf?)
For 57[].[]:

énu(?fﬁ) =

To the background order we have a = a, and the perturbed order:

" - ao ~ ~;
A:A_é-ﬂ‘D_EeﬂEﬂ:A_gﬂ _

:a_(

1

a

o)

d(iﬁh + é-h)

)_

5 ,a“b + 'Ua._frg Ua(Z) +

== ﬁa,béb - {}bgb,a*

(L

_ilg =a— &

a

!

50
P

_ ﬁ'uu,nfﬂ-

Bu(at + €)= (o +8,) [in(a) +

& Ub + U, c‘é

—a? (1 + 2:51) = 900 = 20¢(0€° o) = Go0.c&"
— _g2 (1+2A4) - 2,§uuén,_n

v

i~

b?cgc

(138)

(139)

(140)

(141)



Gauge conditions:

Spatial gauge conditions:

“Since the background 3-space is homogeneous and isotropic, the perturbations in
all physical quantities must in fact be gauge invariant under purely spatial gauge
transformations.”

J. M. Bardeen (1988)

We have two natural spatial gauge fixing conditions:

Bgauge: B=0, BY=0 — £(xt)xa EY(x), (142)
C—gauge: ~7=0, CVW=0 — ¢=0, &Y=0. (143)

The C-gauge conditions (C,s = gog“i + C ) successfully remove the gauge modes.

The B-gauge conditions (B, = 0) fail to fix the spatial and the rotational gauge modes com-
pletely, thus, even after imposing the gauge conditions we still have the remaining gauge modes.
For 3 we have considered a situation where the temporal gauge condition already completely
removed &L

To the linear-order, the variables y = a(3 + a%) and ‘I—'n = B, —i—aC( %) introduced in eq. (87)

are natural and unique spatially gauge-invariant combinations. In the C-gauge we have y = af3
& d lpt:."] e B{!"‘}
and W' = B, '.



Temporal gauge conditions:

Temporal gauge condition fixes &'.
We can impose any one of the following temporal gauge conditions to be valid at any spacetime
point:

synchronous gauge: a=0 — §'(x)

comoving gauge: v=0 — =0
zero-shear gauge: ¥ = - =0
uniform-expansion gauge: k=0 — =0
uniform-curvature gauge: p=0 — =0
uniform-density gauge: =20 —4 & =0
uniform-pressure gauge: op=0 — =0
uniform-field gauge: dp=0 — =0

Except for the synchronous gauge condition, each of the other temporal gauge fixing conditions
completely removes the temporal gauge mode.

In the multi-component situation:
Additionally we can impose any one of the following as the temporal gauge condition:

opiy =0, opy =0, v =0, ¢y =0. (144)




Introduce systematic notations for gauge-invariant combinations:

x=¢-Hy=p-BE-H(x-&)=9-Hx=ypx (145)

Gange-invariance means its values is independent of coordinate.

We have:

Py =¥ — HX = 59|1-E[}~
® 0, is the same as p variable in the zero-shear gauge where we set x = 0.
e © in the zero-shear gauge (x = 0) is the same as a gauge-invariant combination ¢, .

Temporally gauge-invariant combinations:

. |
Opy = 0p — pav, oy =@ —Hx, vw=v-—_x,
H H .
Py = @ — GHU, Pis = L — E{SQB g —35@};1 o (146)

These are completely (i.e., both spatially and temporally) gauge-invariant.
“Many gauge-invariant combinations of these scalars can be constructed, but for the
most part they have no physical meaning independent of a particular time gauge, or
hypersurface condition.”

J. M. Bardeen (1988)
Compared with notation in Bardeen (1980):

0 0 A
em =0/, Br =9, v =ky, pﬂ'i} = op, pﬂ'}} =—lL. (147)



Spatial gradient variable: (Olson 1976; Ellis and Bruni 1989; Woszezyna and Kulak 1989) [52, 35]

hb altb = (Sg I ﬁ'bﬁ*(‘) flp = Ofto + ”.{]ﬁ'ﬂﬂﬂ' == (‘5“ - ‘[',{,{1;;';) + ﬂaﬂ“}

= Ofly.0 + ,i}.a*uﬁfﬂ

W0, = 86, + Bav'?, (148)
where, in the energy frame (91,93,90)
1
fiY = &(1 — &)y iy = a1 0. (149)
The spatial gradient variable h”y » (or fzf;&;,) is a combination of du, (or 06, = —k,) and the

rotational perturbation.

The gauge-invariant combinations dpu, and 66, can be regarded as spatial gradients of density
and expansion rate.



Gauge-ready method:

e There exist several (in fact. infinite munber of) temporal gauge conditions available, and all
of which have corresponding gauge-invariant counterpart. For example, for dp we have:

Ofiy;, Ofhpy Opigs Ofty, Oligy =0; ... (150)

“While a useful tool, gauge-invariance in itself does not remove all ambiguity in phys-
ical interpretation. ..

J. M. Bardeen (1988)

e Often, mixed usage of different gauge invariant combinations is needed.
e Use the available temporal gauge conditions as the advantage.

“The moral is that one should work in the gauge that is mathematically most conve-
nient for the problem at hand.”

J. M. Bardeen (1988)

e Start without fixing the temporal gauge condition.
e Design equations for easy implentation of gauge conditions.
e Our notation of the gauge invariant combination shows systematically which gauge-invariant
combination we are using, and allows algebra among different gauge-invariant combinations:
< o ¢

Eg _E*F’dif.-u Yy = —aHv=—aHv,, ... (151)

00, = 00 —



Applications:

e Formulation [13] «—
e Ideal fluid [16], Zero-pressure fluid [18, 24] «—
e Scalar field [19, 17] “——

e Anisotropic universe 49|

e Coherent scalar field (axion) [21]

e CMB anisotropy (geodesic) [25, 34] «—
e CMB anisotropy (kinetic theory), collisionless particle [28]
e Multiple fluids and fields [26] -
e Generalized gravity [12, 13, 20, 22, 31] <—
e Gravitational wave in generalized gravity [23]
e String theory correction terms [27, 31] <+—
e Tachyonic correction term [30, 31] «—
o R™R,, gravity [50]

e Through non-singular bounce [29]

e Second-order perturbations [51, 32] «

e Third-order perturbations [33] «



4. Hydrodynamic Perturbations

From (98.99), (99,102,103), (101.103), (100.103), (99), (101) and (97,99,101) we can derive:

A+3K

3

oy = —47 GOy,
A + 3K

a
Ofty +3Hop, =

la(p + p)v, + 2HII],

. 1  6p,  2A+3K
Uy + Hug =~ oy + —|— 5
a n+p a MU+ P
1 ﬂ. 3K 2

f':l:p —I_ QHH-F == 4?TG5ﬂ11 + —i_? [6})1 —

p+p a 3

A+ 3K

By = =

Py + ay = —8m(Il,
oy + Hpy, = —4nG(p + p)avy, — 8TtGHIL.

Notice the mixed usage of different gauge conditions. (Bardeen 1980)

(152) ~ Poisson’s equation
(153) ~ Mass conservation (Continuity) equation

(154), (155) ~ Momentum conservation (Euler) equation

Correspondences:

Ofbyy Pys Uy (Ky) ~ Newtonian dp, 0@, u

(o 2)1]

(152)
(153)

(154)



Derivation of (153,156):

(102) in the comoving gauge gives:
Ofty + 3H (Sp1y + Opy) = (+ p) (ke — 3Hay,) .

(99) in the comoving gauge gives
A+ 3K A+ 3K

Ky =
a2

Xv =

This gives (156).
(103) in the comoving gauge gives

1 2&+3Kﬂ).

y = ——m 5.- - F
’ pﬂ+p(pt+3 a’

Combing these equations give (153).

(159)

(160)

(161)



Density fluctuation:

From (152-154) we can derive (¢? = ff and w = ) (Nariai 1969; Bardeen 1980):

Oy + (2 + 3(::‘2 — Gw)Hc{?u + { - Czﬂé —4rGu(l — Gc + 8w — 3—11:2) + 12(w — cﬁ)%

+(3c2 — 5'11.:)1'1} 0, = stresses. (162)

This can be written in a compact form for general K, A, and p(u) [24]:
1+w H* .\ LA
=) Lw ) ( 7 Oy —c af'-‘é = stresses. (163)

In super-sound-horizon scale without stresses we have a general solution:

dp(x, 1) x % [C(x)-/ﬂ —(-ﬂH—?,E)df + d(x )] (164)

e ('(x) and d(x) are two integration constants.
e (' and d are relatively growing and decaying solutions in expanding phase, respectively.

e ('(x) encodes the spatial structures of the relatively growing solution.



Newtonian vs. Relativistic:

(66,162) give:

6+ 2HS +

5/ ;
— vﬁg — 4?rGg] 0 =0, (165)

. K
6y + (2 + 3¢ — 6w)Hé, + —

5 A
- Ci? —4rGu(1 — 6¢2 + 8w — 3w?) + 12(w — r:i)a

+(3¢2 — 5w)A | S, = 0. (166)

Coincide in the zero-pressure case.

Compact form:

l+w|[ H? e N | g

o L(:“* e ( i é,,) — 'f-.qur- =0, (167)
Valid for general K, A, and time varying p = p(u).

Incorrect one in the synchronous gauge (a = 0) (for w = const., K =0 = A):

o+ 2HS +
1

5N
- c,f—z —4rGu(l + w)(1 + S'w)] =0 (168)

Weinberg (72), Peebles (93), Coles-Lucchin (95,02), Moss (96), Padmanabhan (96). Longair (98), Peacock (99), ...
Apparently, this is a popular error in textbooks. For corrections see [15, 24].



Curvature fluctuations:

For K = 0, we can show (next page) [31]:

H2 a ; .
VT AnG(p+ p)a (EL’D‘) e pw+p’ 165
HAEA H 2A
Dy = g Dy — —— ——II ), 170
r G+ p)a®™ X p+p (E+3&2 ) | (170)
where 0p = c2du + e.
Ideal fluid:
We have ¢ = 0 = 11, thus
H* a ‘ : HciA
e 4G+ p)a (E%‘) = 4nG(p+ p)a™ X (171)
Scalar field: o
We have (next page) ¢ = _%%91 and IT = 0, thus,
H? a : HA
Dy = —wy ], Py = Dz, 172
L 4rG(p+ p)a (H’D‘) - 4G (p + j_tl)ﬂ?{’mﬁl L)

Thus, in the case of a field, simply set ¢Z — 1.




Derivation of (169,170):

We have:

Yy = —aHv = ¢, —aHv, = (¢y + Hepy +87GHII)

AT AtG(p + p)

B a : —
- —oy) +2H>——, 173)
4G+ pla (H@x) p+p (
where we used (158) and background equation with K = 0.
We have:
— . == _ H
Oy = (¢ — aHv) = (py —aHvy) =@y —aH (v, + | H+ 7 | x| (174)

Using (152,157,154,158) we can show (170).



Derivation of (172):

A minimally coupled scalar field can be regarded as a fluid with the fluid quantities in (116):
p=<F+V, p=idt -V,
2 2
= 900 — GPa+ Vb, 6p =000 — Fa—Vedd, (u+p)=-086, TM=0.

We have
) %fbi -V

19 . e "
pL+p=0¢°, w=-— == , CC==-== : (175)
peoos2+Vo T g+ V,
Using the gauge-invariance of e we have:
. 1-c2A
s 2 2 2 2 s
e=d0p—ciop=(1-c)(—¢ ass) = (1 — ) dpsp = — 1 2Px (176)

In the last step we used 54 = 0ps,, and (152).
Thus, egs. (169,170) give :

o H? ( a ) L HA
o 47G(pu+ p)a H A 4nG(p + p)a?{pr
which is (172).




Equations in two gauges:

In an ideal fluid (169,170) give:

- H* (a X ) o Hc2A

wo= G +pa \HX) " 7" 4xG(u+ p)a”ﬁ"
C(]lllbillinﬂ' these (Fif-*ld-Shephw 1968; Lukash 1980; Mukhanov 1985, 1988) [g 42, 44, 45, 31]

H?c? (i +p)a® | 0 A Hé, n
ol — s = —=]||V" - v| =0,
(p1 + p)a’ HECQ “a? ad\/i+p
ﬁ~'+P[ )] 28 _\/ﬂ-+pl " (
Px T o A 2 U —
(p + p)a a a
where
l a AT
V= 20y, US E%% Coz = % = Z.

kgA/""’ dn

o =0 —d okt

7 4 k 4G 22
Small-scale solutions:

v = 2® x Fi” f.rj o =

Vit

In the case of a field, simply set ¢2 — 1.

)

(177)

(178)

(179)

(180)

(181)

(182)



Exact solutions (K = 0 = A w =constant) [51]:

2 2 2
304w T, aHnp= * 183
@ X A= T 3w (183)
thus z o¢ z < a. and
z_”_?(l—Sw)i (1/z)" 6(1—I—w]i (184)
z (1+3w)?2n? (1/2) (14 3w)2n*
Thus
v J,(x) Y, ()
v =—=c1(k k , 185
po="= k)2 + k) (185)
3(1+w Jo(x Yilx
o= Ve =200 (a2 4 (). (156)
where
3(1 —w) 5+ 3w
= c.k|nl. = ., V= 1 = . 187
r=ekil, v=onTmey YV T g (187)
(152) gives
2
5, = mfpx. (188)

6w



In the large-scale limit (r < 1) we have

v, o C, da_%“_“’}, (189)
oy o C, da™ 7", (190)
. z , 2(1+3w) —_ 3(1—w
6y o< Ca'™v, da 2"« Ct -"“tr"-‘}, dt T o Cn?, dn_i'i-"»rﬂ]. (191)
The well known solutions in the matter (w = 0) and radiation (w = 3) eras:

mde: 6, o Ca, da? o Cti, dt™!' Cn?, dn?,

I

rde: 8, o< Cd? da' o Ct, dt™7 Cn?, dn~'. (192)
If we consider only the C-mode which is the relatively growing-mode in an expanding phase:
pul(%,t) = C(x),+— (193)
3+ 3w
( t) = C(x). 194

C(x):

e Integration constant of the growing mode.
e Every variable contains it.
e Characterizes the large scale evolution.

e Encodes the spatial structure which is preserved.



Comparison with other notations:

oy=  Ppy Bardeen (1980)
5 = ¢ Bardeen (1988)
@, = O Bardeen (1980)

¢ Mukhanov et al (1992)
iy = by Bardeen (1980)

-V Mukhanov et al (1992)
Py = Om Bardeen (1980)

R Liddle and Lyth (2000)

“The advantages of &y and ®, as variables are the advantages of working in the
zero-shear gauge, no more and no less, which ... are not overwhelming.”

J. M. Bardeen (1988)



5. Covariant approach

In the energy frame, ¢, = 0, (20,18,12,19) give [14):

g _81G. K A 1, 5
3 P T3 T3 (195)
= 4—@ A 2 . _
H+H=-—""(ji+3p) + =3 ?,,ﬁ”—g(&’—d;*’). (196)
i =—3H (ﬁ + P) — 7% as, (197)
Gy = —— R (\6’ 5+ ‘é,.f-") , 198
l ;':-!' +f} bl th ( )
where we introduced
T A — v~ H}_(“;'
3H=0=V,i", R ot (199)
5

In Friedmann background:

By simply imposing the symmerty:

~ QTG f{, 1"‘1

H? = IR, Kosig 200
T 4xG .. . A

By {2 = ’; (i +30) + 3, (201)
fi=—3H(i+7). (202)

Perhaps, this is the simplest way to derive these cosmological equations.



To linear order in Friedmann world model:

(195-197) give:

-0 S1G K A

H* = b=y 20):
) 3 T2 i 3 | (203)
H+ H® = _dnG (1 +3p) + & + l‘ﬁ’,,ﬁ” (204)
h 3 373

jL=—3H (i +p). (205)

Combing these:

K R - K

— = ——H?”u” 2( H— - - (2006)
a= .

Since (195) is valid in the normal-frame n, = 0, together with ¢, = 0, it implies that we are
already in the comoving gauge.

In the large scale and near flat case

K=0 — K-=K(Xx). (207)
Thus
o, A (f) w2 (208)
3 a- 3

[n the ]r‘il'”'(‘ scale, perturbed Friedmann universe evolves like Friedmann background with per-
turbed K (x) [43, 14].



Fluid flow approach:

Now we perturb (195-198). We take the comoving gauge.
Using (149)

H=H,i" = Hyi® + B5i® = (H + 6H) (1—0:) H+0H — Ha. (209)
(1

Proper-time derivative along @“ is related to coordinate-time derivative corrected by lapse-
function v which is related to pressures: (103) in the comoving gauge condition gives:

e (5; MJr—,f”‘H). (210)
W+ 3 a°
Ignoring the anisotropic stress (195-197) give:
2HOH = @ﬁy - ﬁ (211)
3 a®’
dn G 1 A :
OH + 2HSH = ——(§ 4 H ) ép, 212
it g Aok H8ap) — o (gag + ) 2 (212)
Oft+ 3Hdopu = —3(,u + p)oH. (213)

Combining (212,213) we can derive equation for 6, in (162).
Combining (211-213):

ok = 2(a+3K) 2P _oxsm, (214)
3 U4 p

In large scales where the pressure gradient term can be neglected, and in a near flat model:
0K (x,t) = constant. (215)




Lecture 3

b

. Scalar field perturbation
. Quantum generation

. Inflationary spectra

. CMB anisotropies

. Multi-component case

S

T P Lo

“The universe was brought into being in a less than fully formed state, but was gifted
with the capacity to transform itself from unformed matter into a truly marvellous
array of structure and life forms.”

Saint Augustine (354-430)



1. Minimally coupled scalar field

Derivation: [17]

In the uniform-curvature gauge ¢ = 0 (thus ¢ = d¢,, etc), assuming K = 0, (115) give:

) B A . | ) ..
00, + 3HIp, + [— e + V:,-‘x.:h] 00, = ¢ (Ky + ) + (2(-9 - SHG'J) (o 728

g
from metrie Huctuation

(97,99.116), (98,116) give the metric perturbation in terms of the field fluctuations:

ﬁl?TG bR H . ,
Ky = — i7; ((ﬁ}ﬁ@; + EQ&[‘J@; + V{,éﬂ‘)?) .

Combining these:

5(;:' +3Hbéd,+ | — é + V@;H—QE 3H — E + QE oo, = 0.
3 % a? Ve H o 5

Yoy

-~
from metrie uctuation

Simplest compared with equations in other gauge conditions [19].

(216)

(217)

(218)

(219)



Compared with quantum field in curved space:

Equation: [17]

a? H

L™ o Yoy

H

56, + 3Hsd,, + [- B Vgt (SH LS

e

()

0

T il
without metric pert. from metric luctuation

" . A
o+ 3Ho — Eqﬁv +Vy3=0.

gt
quantum field in curved space

H

. 1 : ! X -1F ; - g 1 b
Exponential a o< ¢!, or Power-law a o t’ expansions:

. AL
06, + BHOG, — =00, =0 & QFCS.

Compact form:

H |a*¢® [H . 1 A ,
m[ﬂ (E"‘f“*)] @l

Large-scale general solution:

H ' H?
psp = ——0¢, = C(x) — D(x) ——di.
@ 0 a’ep®
Il'az;;ient

Proper choice of the gauge is important!

0,

(220)

(221)

(222)

(223)

(224)



Correspondences: |24, 17]

Oy, Py, Uy (Ky) ~ Newtonian dg, 6P, u

S¢, ~ ¢ in QFCS

Yy = P56 ~ super-sound-horizon conservation

Opty = O, — jrav = perturbed density du in the comoving gauge (v = 0).

vy = @ — Hx = perturbed three-space curvature ¢ in the zero-shear gauge (xy = 0).

vy = v — +x = perturbed velocity v in the zero-shear gauge (x = 0).

Ky = K+ (SH + %)av = perturbed expansion scalar & in the comoving gauge (v = 0).

v, = —aHv = perturbed three-space curvature ¢ in the comoving gauge (v = 0).

Pip =P — %c’iqf) = perturbed three-space curvature @ in the uniform-field gauge (0¢ = 0).

00, = 0¢ — %q} = perturbed scalar field d¢ in the uniform-curvature gauge (¢ = 0).

These are all gauge invariant.



2. Quantum Generation: 17

Action:

5 1 = 1
S:/llﬁﬁG' 59"~ }”_””

Perturbed action: (Mukhanov 1988)

f T T H|.(é\] . |
2SS == | a®{ 6% — =06 0bpn+ — | | = 6o S didzx.
2/a{¢‘" 000 g [a (H)] i

Semiclassical decomposition:

b(x.t) = o(t) + do(x,t), b, = bp — %,.o

Mode expansion:

7 = d’k ikex | AT 5% —ikx
0pp(x,t) = 2n)372 [mkd@k(t) + a, 00 (t)e ] ;

lax, a] =0, [al,al] =0, |ax,al] =k -X).

Mode evolution equation:

é@k + 3Hd¢)k +

: Hl, 08
+ Vo +2§ (3H ] + 2;2)] dok = 0.

(226)

(227)

(228)

(229)

(230)



Equal-time commutation relation:

6h(x.1),07(xX, 1)) = i*(x — X/), om = OL/(06) = a*36.
S0y, — O = ia >,

Power spectrum:

Vacuum expectation:

1.3 ) ,_ o . |
Psalk:t) = o /<5¢*(X+r-f)fﬁﬁfi*(x,f))»-mf"k"ff‘*?‘ =5 b (t)] -
Spatial average:
T3 ) i — k.‘-} i .)
‘Pr‘ir,](k" f) = 2_1_1_} ((512')(}( +.T, f)ﬁﬁi?(x. f))xf’_f rrﬂi.lli'}” == 5—7; |{)G‘)(k_‘ f)|“' :
n- T=

where () = (vac||vac) with ax|vac) = 0 for every k, and, (f)x = [ fd*z/ [ dx.

Ansatz:

IP ' (-'{1 f_) ~ ‘Pﬁ:_'}(-ka 'IIL)

r';r_'j

Spectral index:

ng—1
;D;“ 0.4 ."'1 .

b ot e

where @, = @54 = _%5‘?‘9;* thus P, = Py, = ’% Pso,.-

(234)

(236)



Large-scale Structures
from Quantum Fluctuations

Quantum Fluctuations

il «— accelerated expansion
P{‘iq?-);

I +— become macroscopic during acceleration phase, classicalize
’Pfif_!)‘;

P T TR _ _Hg,
acceleration era ends — p, = P = =00,

Po.

A} «— fluid eras begin

Pse, Pﬂ"_”, Py o «— follows from conserved P,

Y

Fluctuations in CMB, Large-scale Structures

In MDE, K =0=A:




scale Horizon
(—3000Mpc)

Relativistic linear stage _

: Distance between
conserved evolution )
two galaxies

(~1Mpc)

Newtonian
Nonlinear evolution

Macroscopic (—10cm)
Quantum
generation 1

Microscopic (—10-30cm)

time

accelerating Radiation era Matter era DE era?
recombination

radiation=matter
(~380,000yr)

(~10-35sec)
present (—14Gyr)



3. Inflationary Spectra

Exponential expansion: [17]

Background:
a = ape’ ") H = constant, ¢ =0, V = constant.

Equation:
; . k2
00k + 3HOOy + ?C&Dk =]

Solution:

; TR
sou(t) = Y HR [es(K)HD (kn) + o HD (k)] , v =[5 -
lea(k)|? = |en (k)| = 1.

Large-scale power spectra:
: H2
P2k, t) = —lea(k) —ca(k)] o k"7,
b T} 27|¢'|
2
Pg:?’(k ) IG?TG_\/ Z "‘ft’? —cp(k | & K,
Bunch-Davies (adiabatic) vacuum: Harrison-Zel’dovich spectrum

eak)=1, c(k)=0. /

Simple vacuum choice = ng~1, npr~0 <« CMB, LSS Observations.

(237)

(238)

(239)

(240)

(241)

(242)



Power-law expansion: [17]

Background with a o t2/3+3%) 7 with w = constant [41]

(1—w) —\/ 247G (1+w)d 1
= i = Int. 4
Vig) 127G (1 + w)ge ¢ 67G(1 + w) S &)
We have
H H ¢ H o\ ]
i P2 SH =Y | =——— g% | = = 0. 244
Equation:
. . k2
Ao + 3HIDK + Efgfﬁ’k = {), (245)
Solution:
VTN Jw—1)  3p—1

56u(t) = Y2 [es(R)HS k) + (W) H k)], v =

2a T 2Bw+1) 2(p-1)
le2(k)[* = er (k) = 1. (246)

Large scale limit:

() (kln\**™" -
1/2 /4 . o o Y X ; R 1
’Pdfgjg(ﬁ-st) o ?T;a;gaml ( 2 If*EU*') f-l(*ll'” x k ) (247)
o !/—3,}2 0
PY2 (k) = VIGrG o = P (klznl) \/ %‘Z cea(k) — (k)| oc k"7 (248)
F

2rI'(3/2) p

For large p and simple vacuum choice = ng~1, npr~N0.



Slow-roll inflation: [31]

Slow-roll parameters:

H ¢
€l = E € E"

For é; = 0 and |¢;| < 1: [57]

[ ]

.G\_:

Power-spectra: (v =9 +In2-2=-0.729...)

2
1/2 _ H {1 } ng—1
) = : 481 + In(k 2e1 — € x k z
o0 l1s = 21 1+ [ (k|n])] (261 — €2)

'P;"E = V167G {1 +e1 4 [ +1n (:ff|n|)]fl} x k™.

Spectral indices:

dInP,, 22 ) B dIn P{:ﬂ}
Alnk LT @h Br= B

ng—1=

Classical spectra:

For Harrison-Zel'dovich (ng —1=0 = ﬂT) spectra with K =0 = A:

(a3) = (a3)g + (a3)r = —5PW +7. ?4€ﬁ?? .
Thus

9 = ({I})T/(Hg>¢, = 13, 8|E1| =i g‘ﬂ’r

(249)

(250)

(251)

(252)

(253)

(254)



Gravitational wave: 23

For K = 0 we have:

: 1 1
2 _ (t)a (f (t)ex {f] f|’Y 3 =
5§28, = / T (C‘ CU ——CgC )dtd (255)

We consider Hilbert space operator C{ -3 and expand [2]:

) 3. 37.
CYx 1) = / ak CY(x,t;k) = f -8 {Z e**ho(t)ancel y(k) + h.c.

?

2m)P? 2r |2
[, Eiz,k;] = 5;;:(53(1{ — k'), zero otherwise, (256)

where £ = 4+, X; E’{ i} and efﬁ are bases of plus (4+) and cross (x) polarization states with

.?Uj(k)f'“ )8 (k) = 20y Using

¥

a 1 [ d% B Fae
he(x,t) = 5/(; );;}Ci’i(x t;k)e! (k) = /W[Ejkthfk(t)ﬂ-fk+h-'~"-- . (257)

(255) becomes

S =g / Z (h? hm) dtdz. (258)

The equation of motion becomes (v, = z,h and z, = a):

3 H ” 1 2
he+ 3Hhy — %m = [u" - (i 3 ﬁ) *uq] =0. (259)
a !

a3 | 2,



Equal time commutation relation:

he(x, t) fag(x t)] = 4?rG 5 (x — ) O07tn, (X, t) = @ﬁ/@ﬁze ﬁa‘hg

For z///z, = n,/n* with n, = constant (259) has an exact solution:

o) = Y [y (k) HD (i) + a6 HD (kin)| VARG, v, = [y +

2a
e — ea (k)] = 1.

Power spectrum:

1

k:}

272

Peo (k1) = f (CO(x 4 1,8)CD (x, 1)) e~ T,

with ag|vac) = 0 for all k. We can show

k.:i N )
'Péj.f:;(kjt) =) pr”(k,t) — 22 F‘hfk(t)lz.
¢ 4

(260)

(261)

(262)
(263)

(264)

(265)

Each hy in Eq. (258) can be cor responded to a minimally coupled scalar field without potential

with a normalization h, = VA7 Go. Assuming equal contributions from each polarization:

P2 — 22 — Vi6rGP!.

(ty —
Cu-"f

(266)



Summary

e Taking suitable gauge condition is essential for proper handling.
e Gauge ready approach is practically convenient.
e Large scale evolutions: characterized by conserved quantities.

— v, : conserved in the super-sound-horizon scale.

From C'(x) follows every perturbation variable.
t : ;
— C;E} : conserved in the super-horizon scale.
— Rotation mode : angular momentum is conserved.

— Conserved independently of changing equation of state, potential, and gravity theories.
Assuming: near flat model, negligible stresses, and ignoring the transient solutions.

e Quantum fluctuations magnified by inflation mechanism provide plausible seeds for the
large scale structures.

e Unified analyses of quantum generation and classical evolution in generalized gravity.

e These results are based on linear analyses.

In linear theory, we have no ‘structure formation’, though!

e The original equations, both classical and quantum, are highly nonlinear.



4. CMB Anisotropies:

Large angular scale (6 > 1°):

Superhorizon scale at recombination.

Photon geodesic equation [37, 54| (Sachs-Wolfe 1967)
k%,k? = 0= kCh,
TG . (‘i‘::ﬂﬂ*ﬂ)()
TE (f:""ﬁ{,)g .

Fluctuations reflect the initial conditions.
= Window to the early universe (Inflation era).




Small angular scale (6 < 19):

Subhorizon scale at recombination: local physical processes at recombination are important.
Thompson scattering couples radiation and dust.
Boltzmann equation [40]:

ﬁ - 0]; - f'u b..c Of )’5

D =g ~ T g =Cl

o [ ad3p123 2

inub — / ii’[]|p pﬂpbfa

T or 1 [§fqdg

f=r+af, v _EW (269)

Polarizations (f;, I,Q,U, V) are important as well.
Fluctuations are sensitive to local physics thus, sensitive to cosmological parameters [7, 6]:
gzha Q";‘.' SE('D;U; ﬂua gz!/”ﬂ Qr-iu H. I{ A!

Gauge-ready formulation in generalized gravity [28]
Code based on:
e synchronous gauge (CMBFAST) = CDM comoving gauge (CAMB):
CDM is pressureless, thus vepy = 0 (comoving gauge)
implies a@ = 0 (synchronous gauge).
e uniform-curvature gauge
e uniform-expansion gauge
e zero-shear gauge (in trouble)



Theoretical predictions of temperature
and polarization anisotropies

10 | T -I T T | T l )
Physics at recombination
Sensitive to world model
P i
o | /\ angle<ldegree
1degree;
(_)—' 6 _
—
*
i angle>1degre
*'SufSer horizon scale
 Window to early
_universe
C=EH 2 ms<laml™ 2 - temperature ------
polarization ------
0 | Y i
0 1 2 3
(b) log 1



Angular Scale

0° 2" 0.5° 0.2°
WMAP = -

TT Cross Power

Temperature- 5000 SRR :
- - o — A-COM All Data :
polarization w00 ] ;
¥ ACBAR 3
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cosmic variance

I(1+1)Cy/2r (uK2)
g

3
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o
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3F Reionization Spectrum
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5
o _
- 1F
£
of
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Bennett et al, ApJS 148, 1 (2003) Multipole moment (/)



Sachs-Wolfe effect:

Introduce the photon four-velocity (¢® and de” are based on g( ])

/3
. i . )
K==(w+ov), k*=-— (E’” + de™) ;
a a
. 5 " :
ko = —av (1 = _y +2A — B{tfn> , ko =—av (en + ﬁetl + By + Zcm'fe'lj) . (270)
7
We have
d dz% .8 - ov
— — L@ _ _ =D — On — de® : 271
d/\ d)\ i‘);r" f’- a(_, {1' (C}(} € 3“ + 5{] € C)“) ( ? )
Thus,
d
= gy — €%0,, (272)
dy
is a derivative along the background photon four-velocity.
The null and geodesic equations give:
1.aj. a g ov il a
K= ‘e, —1+2 eaen—j—A—FBwE + C.5e”e’ ) =0, (273)

ok = d l(ﬂ'”)! + (%)r + ziﬁ—y _ %a + zi’fe“aeﬂ + A — QEA
(L (1

| av 7, v v 7,

!
+ (Bup+ Cog+ 250 ) ¢ =2 (40— $Ba) 0| =0 (274)




To the background order:

- P e B, o T (275)
Using eqs. (272,273), eq. (274) becomes
v B ) . 3
( Y + A) = A e — ( alg T :rd) e’ (276)
dy
Thus
0 0
ov I ! fx 3
( + A) = f [A.Cte - (Bﬁ|_§ + Cfxﬁ) :| d-‘.}" (277)
E
E

where the integral is along the ray’s null-geodesic path from E the emitted event at the inter-
section of the ray and the last scattering surface to O the observed event here and now.

The temperatures of the CMB at two different points (O and E') along a single null-geodesic
ray in a given observational direction are [37, 54|

TG _ 1 _ (kaﬂa){)

Te 1+%2  (kbiy)g’

where 1, at O and E are the local four-velocities of the observer and the emitter, respectively.
Using eqgs. (91,270) we have

(278)

. 1
k%, = —v (1 + 5—U + A+ —Qn.e“> : (279)
4 ft+p
Thus
(ST 6T 0 © o ! a3
T| T # et [ A = (Bus + o) ]y =




The most general expressions: [25]

0T oT 0 0 1 :
T by = s = -t-’.rIE”‘E + / —¢' + aqe® — E;(m,ge”e’i dy

Tlo Tle S5
0 9]
+olVe® . —f llillde edy — / Cige“eddy. (281)
2 JE E
0T |p is gauge independent because it is a difference between different directions.
For the scalar-type we have: Integrated Sachs-Wolfe
8T 5T : 0 0 : /
T lo T |E ~ Ua®| + ayy . + /L (o — ) dy. (282)
In matter dominated era with K’ = 0 = A, in the large angular scale:
0T 1
st I o5 + 283
7k }{} 37X %)
It is a straight relativistic result [34].
Angular anisotropies:
oT ;
T —(e;xg) = Z amm(Xr)Yim(e), <ﬂfz) = (|am, (XR”?)X;:-- (284)
lm
For K =0 = A, in matter dominated era [1]:
g 4 - 2
(aj)s = —1:- / Pgr,(k)jf(!{::r)dln k, 1=— (285)
25 Jo Hy’
5 I (1 +3) [* 2 [ ga(kn) ji(kno — kn)
2N = P.w(k) |[— kd dI K. 286
e =t Jy Pea® |z [, Py o ] 4 (2%)




5. Multi-component Case

Fluids:

(169,170) give:
H?c? [(,u—i—p)a"" _ ] 52X

(u+p)a® | H2c Po| T Ragad
H*c? a’ 28 5 gh i
~ (u+p)dd [ch (H 59“” - 1 +pa2H (287)

where (ignoring direct interactions among components in the background) [36, 13. 26]

. : 21 P
2= 0P — cf:;)(i,u = Z OP(k) — 5 il Zfsﬂ{ﬂ}
e -H' 3” b

ﬁ(s +P(A} Ifu o+ P{F}) 9
= — ({‘_‘ = )S;..; + €(k)
E L+p (k) (1)) (k) Z;.: (k)

Ot i Ot
Ha) OG- (288)
Hi) T PG HG) T PG)
e 0, is conserved in the large-scale limit when:

) single ideal fluid (e = 0 = 7®))

2)  multiple pressureless ideal fluids f:i.} =0

) multiple ideal fluids with cﬁ.} = c?j}
)

multiple ideal fluids with adiabatic perturbation, Si;; =0



Curvature(adiabatic) and isocurvature:

Assuming ideal fluids, and ignoring direct interactions among fluids (123,124) give [13, 26]:

[+ p H? au \ Gk k> —3Ke
5. i e e 289
a’*Hyp [a(;¢+p)(H )] Sy a u (289)
A 3 2 ' (k) + Pk) :
Sij) + [2 e 5(*‘%) Sl C?j})] HS(ij) — H(f‘m C(J}) Z n+p (S (ik) T S{j.’f])
k
1 k> k) + D L}
o= [(f ) + <)) Sa) + (G %}); e (Seiry + Siiny)
e 9 \ Ofly
S —— () — : 290
20 =) (290)



Fields:

In the uniform-curvature gauge (129) gives [56]:

56 + 3HGY + 60 = =)
(‘Dﬁ— = ¢"~r T III2 Ql)vf

ke

Curvature and isocurvature: [13, 26]

where

H?

(1 + p)a®

00ij) +

3

—ZH

2

(i &G | '
Vi~ = ( 0o u})lw}-

3| k2 2 H?
[(# ;S)a L’JJ"'I 1

k

O flyy

s

Qi) 9G)

® i, is conserved in the large-scale when:

(1)
(4)

single component, (2) 0¢3;) =0,
V{i} X f;’f’{f}

a? (u+p)a

2 2 ‘ 2 2
(C[-s} + C{_-;))5¢tfj} + (C{:‘} B Cfﬂ) Z

';1.

D(k)
(i)

3
a Lt o
3 [(H +p)H %: Vtﬂ-}¢5{A~}¢u}5@{m}

h‘}
( SH+= )quu Z(VU}ME)—"

Dk) «
0P i) — Vmcm*{‘jlﬂ@tm)

Fo(k) + P(k)

5§D ik +5@ L)
T ( (ik) + OP(jk)

2 S I
== Z V(a-.}t?ﬁ(mfi’f;]éfﬁ(kf}) -
p+p k.l

()

(D 3Hoiy + Viiy = 0, slow-roll).

V' = constant,

|

(291)

o

292)

(293)

(204)



Lecture 4

Cosmological perturbations: Summary

Generalized gravity theories

Structure of the theory

Second-order perturbations

Zero-pressure fluid
5.1 Second-order perturbations: Relativistic-Newtonian correspondence
5.2 Third-order perturbations: Pure relativistic corrections

Soyehs by DO b

“the linear perturbations are so surprisingly simple that a perturbation analysis accu-
rate to second order may be feasible ... One could then judge the domain of validity
of the linear treatment and, more important, gain some insight into the non-linear
effects.”

Sachs and Wolfe (1967)



1. Cosmological Perturbations: Summary

Methods:
e Relativistic:
1. Einstein equations (Lifshitz 1946)
2. Covariant equations (1 + 3, u,; Hawking 1966)
3. ADM equations (3 + 1, n,; Bardeen 1980)
4. Action formulation (Lukash 1980; Mukhanov 1988)
e Newtonian:
1. Hydrodynamic equations (Bonner 1957)
Relativistic-Newtonian correspondence in the zero-pressure case.
* True even to the second order!

Three perturbation types:
1. Scalar-type: density fluctuations
2. Vector-type: rotation
3. Tensor-type: gravitational wave
To linear-order, decouple in Friedmann background
* Couple to the second order!

Classical Evolution:
1. Scalar-type: super-sound-horizon scale conservation

2. Rotation: angular momentum conservation
3. Gravitational wave: super-horizon scale conservation
* True even to the second order!




Correspondences: |24, 17]

Oy, Py, Uy (Ky) ~ Newtonian dg, 6P, u

even to the second order

S¢, ~ ¢ in QFCS

Yy = P56 ~ super-sound-horizon conservation

Oty = 0, — frav = perturbed density dp in the comoving gauge (v = 0).

vy = @ — Hx = perturbed three-space curvature ¢ in the zero-shear gauge (xy = 0).

U SY= ﬁX = perturbed velocity v in the zero-shear gauge (y = 0).

Ky = K+ (3H + %)av = perturbed expansion scalar & in the comoving gauge (v = 0).

Yy = —aHv = perturbed three-space curvature ¢ in the comoving gauge (v = 0).

Pip =P — %c’iqf) = perturbed three-space curvature ¢ in the uniform-field gauge (d¢ = 0).

00, = 0¢ — -‘f}q} = perturbed scalar field d¢ in the uniform-curvature gauge (¢ = 0).

These are all gauge invariant.



Perturbed action: (Lukash 1980; Mukhanov 1988)

i L L auafis 54 .
55:5[WW(®tqiE@%%)mﬁm

where
} ] .
([ & =, Q=455 A& —cE  (fuid)

S d=g Q=2 A—1 (feld)

L ®=C) Q=% &—-1 (GW)

Yo = —aHv and @54 = @ — %r‘igﬁ: gange-invariant combinations.

* Generalized gravity theories as well!

Equation of motion (Field-Shepley 1968) © = z® and 2z = a/Q:

1 9 RS 5 & 1 3!! .
m (“ Q‘I’) = f.',;”—L,(I? = 2 lr*“ - (T +ezA |u| =0.

-~
e S

Large-scale solution:

"d
d(x.t) = C(x) — D(x)-/‘; ﬁ



2. Generalized f(¢, R) gravity:

Introduce [1‘2]:

o~

1 - - -
— f( ) - 5“-"((?)(:'”@-‘: - 1’ (m) -+ Lm-

Special cases: F' = i ignoring tildes

Minimally coupled scalar field L= .—H 50—V ( )
Nonminimally coupled scalar field L=3 ( {7 — &3') ._}(,.-b ‘o0 — V()
Brans-Dicke theory L=¢R—- g.,” 2

Generalizes scalar-tensor theory L=0oR— u.:((p)” Lo _ Y (o)

Induced gravity L = 3e¢’R — 3¢ by — I\ (0? — v?)?
R? gravity = : (R = %

F(o)R gravity
f(R) gravity
Low-energy string theory

*'-h*"r-‘

1?)

o il o B oo B v,
| Il
!.uli—lu|-—lh...-|i— 3] [

(R4 ¢"da)

(@)R — 3w(0)0"da — V(9)

Conformally equivalent to Einstein’s theory [12, 22, 28].



Unified Analyses in Generalized f(¢, R) gravity: [31]

= /n* 1\/_[ > R) —lw(ﬁ?)@‘ o _V({B)]‘

2
Action §2s =1 fu ( oo —HI’ ‘P ﬂ) dtdx
Scalar-type: D = Y54,
Tensor-type: P = C’ml':;‘ W=F
Equation {Q (a *Qfl)] — HAP = 0
Large scale ¢ =(C(x)— D(x) Ju
Quantization  [®(x, 1), P(x',1)] = - "(2(5"(}: x')
Mode funec. For a\/Q xn? (include many inflation models)
v Tl 1 2
Dr(n) = :zr;\;lf:'?l [m{k VH (kln|) + ca(k ')H,{; : I;t[u‘rﬂ)]
where v =3 —q,  |ea(k)]* = |er(k)]* =

e In super-horizon scale, ignoring transient one, ¢(x.t) = C'(x).
e Conserved independently of changing gravity theory.
e Unified analysis allows us to handle transitions among gravity theories.



More generalized Gravity Theories

1. Generalized f(¢, R) gravity: [20, 22, 31]

[

% Logpm oo 1 amy moen
5= f [Ef(ﬁf}. R) = 5;4.!((,‘)){,) Qo — 1 ‘|‘ L{[ ] ¥ i d_l r.

2. Tachyonic generalization: [30] X =16,

. T ok ow .
3§ = / {E f(f;mRHXHLEE.J] —gd'z.

3. String corrections: [27]

E"l:r‘] == £((‘;) I:{‘l (ﬁﬂbﬂ!ﬁuht‘# = 4‘??”‘5}?1’14’: -+ f?j)
+C2é”h§3.uﬁ5}} + C:‘;{E}:”uﬂ;‘bﬁg.h 5 = Cy ((’E]‘”ﬁ-_;‘”)?} .
4. String axion coupling: [27]

- 1 - "
L(f) — ‘éﬂ(ﬂ‘))?}”!wfﬁ

""prrfrf-

b

We can always derive a unified form: [31]

528 = % /n.HQ (CI)} — Ci‘}ql_j(b'“(b_”) dtd>zx.
) a-

* Perhaps “surprisingly simple” indeed!

(297)

(298)

(299)



3. Structure of the Theory

Components: barvon (b), photon (7), massless neutrinos (v), massive neutrinos (v,,), CDM
(¢c). K, A, fields (o, quintessence, dilaton, ...),

—~

G = 8nG T { = b,

ab = 0,7V, ¢V, @, ...
F
L S - = . .
(H‘ T f-’)“n wy + PYab + Tab Huid (ITL C, ﬁ}
altd) » J—gdipt® ; por :
’Trth = § ] * '|{“”|! f}rfﬂz‘if kinetic ("J U, -Um)

- -

| 0000 — (300 + V) ield (¢) — or GGT

B . ~ (] .
fuid: T\% = — energy, momentin conservation

kinetic: r;_xf = (C'[f]  — hierarchy

field: ¢, —V,=0 — or GGT

Fluids and kinetic components feel the generalized nature of gravity only through metric per-
turbations and background evolution.



Summary

e Taking suitable gange condition 1s essential for proper handling.
e Gauge ready approach is practically convenient,
e Large scale evolutions: characterized by conserved quantities.
— @, . conserved in the super-sound-horizon scale.
From C'(x) follows every perturbation variable.
— (5 ¢ conserved in the super-horizon scale,
Ca I tl per-l 1
— Rotation mode : angular momentum is conserved.

— Conserved independently of changing equation of state. potential, and gravity theories.

Assuming: near flat model. negligible stresses, and ignoring the transient solutions.

e Quantum fluctuations magnilied by mtation mechanism provide plausible seeds for the
large scale structures.

e Unified analyses of quantum generation and classical evolution in generalized gravity.

e These results are based on linear analyses,

In linear theory. we have no ‘structure formation’. though!

e The original equations. both classical and quantum. are highly nonlinear.



Why linear theory?:

; i ; ; 4 oA —
1. The CNB temperature and polarization anisotropies are very small % ~ 1077,

2. The large-scale clustering of galaxies are approximately linear as the scale becomes large.
Our own homogeneous and isotropic background world model relies on this assumption.

Observations are not inconsistent with the assumption.

If the Huctuation is on ~ 1077 level, Taylor’s series theorem guarantees the non-linear terms
are negligible ~ 10-19,

Still. considering that the basic equations are fully nonlinear. it is matter of whether we can
ignore (or tolerate) the level of nonlinearities.

[t looks we may currently assume linearity in the early universe and in the large-scale in the
present era.

[t the situation is linear. then we can handle both physics and mathematics very reliably.



scale Horizon
(—3000Mpc)

Relativistic linear stage _

: Distance between
conserved evolution )
two galaxies

(~1Mpc)

Newtonian
Nonlinear evolution

Macroscopic (—10cm)
Quantum
generation 1

Microscopic (—10-30cm)

time

accelerating Radiation era Matter era DE era?
recombination

radiation=matter
(~380,000yr)

(~10-35sec)
present (—14Gyr)






ZdF 2dF Galaxy Redshift

d=v/H=
cz/H
= 300htMpc

245,591 galaxies
Limiting magnitude : 19.45



SDSS

Fight escension
11h

z~0.06

z=vlc ~0.03
d =v/H ~ 100h-tMpc

1732 galaxies

de Lapparent etal. (1986)



4. Second-order Perturbation

The metric:

f}{}[l = _”'2 (1 = 2+"1) 3 ﬁllu = _”'QBH'! .f}f'l.i — ”-2 ({FLI; + gpft.'_i) .

(300)
To the second-order:
A=A+ A®  B,=BM+BP, Cu=Cy)+Co. (301)
Inverse metric:
|
§" == (-1+2A - 44>+ B,B"),
a?
1
1r;'[]n»:_)( Bn +‘)4Bf1 + }B (:'m i)
-
1 & A
E}uf _ F (U[.iln.)’ . 2@{1.? . BnB.f e _I:("fi‘tc'l'f) . (3[-}2)
Decomposition:
A=a,
Bﬂ = ."),..H -+ B{lljw
C“"I = Fg:f: ’ ”'l i C[f |/ ij Cr{[uf._}i' ('50‘5)

Similarly for the energy-momentum tensor.
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. Complete set of second-order perturbation equations in the gauge-ready form.

. The most general Friedmann background with A and A.

(1) The most general imperfect fluid situation which includes multiple imperfect fluids with
general interactions among them.

Minimally coupled scalar fields.

3) A class of generalized gravity theories.

(2)
(3)
(4) Electromagnetic fields.
(5) Null geodesic equation.
(6)

6) The relativistic Boltzmann equation.

. Decomposed forms into three different modes with couplings appearing in the second-order.

. Gauge issue resolved to the second (and all) order:

gauge-invariant combinations, and gauge-ready formulation.

. Derived the large-scale (super-sound-horizon) conserved quantity to the second-order: ¢,

and C 'jf.i. These were first known by Salopek and Bond (1990).

. Up to the second order in perturbations the relativistic fluid without pressure coincides

exactly with the Newtonian one.



Large-scale conservation [s. 51

Scalar-type: in super-sound-horizon scale
t H’.’ 2
2 L] (H
pr= gt = O+ [
J (p+pa
wp = perturbed spatial curvature () in the comoving gauge (v = 0)
to the second (in fact, to all) order.

It. (304)

Vector-type: in all scales

a*(p+ p)vl” = L,(x) + decaying mode. (305)

Tensor-type: in super-horizon scale

Cr{:]f = constant + decaying mode. (306)

* Non-transient solutions in expanding phase are conserved!

Dy scalar
d=<{ a*(n+p) oL vector (307)
c tensor

o3



5. Zero-pressure fluid 5. 32

Newtonian:
Combining (59,60.61):

. 1 1 ;
d+=-V-u= —(—V-(du), (308)
(1 I
u+ Hu+ %Va‘({) = —;u' Vu. (309)
A f
é\?f’ﬁq: = 47 Gpo, (310)
a-

we can derive (65):

N : | - |
d+2H6 —4nGpd = —— [aV - (0u)] + =V - (u- Vu). (311)

a? -

* These equations are valid to fully nonlinear order!

Relativistic:
. i 1 , I
oy + 2HO, — AwGfid, = ——= [aV - (6,u)] + =V - (u - Vu)
- 1=
. s . ; _
'+"C:|:I:_J; (_ﬂvnu.'ﬁ 3 (‘f[f}ft..‘f) . (312)
a

% This equation is valid to the second-order!
To the linear-order we have u = —Wl.



A proof 3

Fully nonlinear covariant equations:

Take the comoving gauge u, = 0: only in this gauge the zero-pressure condition implies
vanishing pressures! The covariant equations (18.12) give:
fi + 6 =0, (313)
E ]_ "'.)
2 | ~abx (1 21/
6 + EH + 3G + 4nGii — A = 0. (314)

By combining
H 9

ANRYIA NS
(’é) — (ﬁ) _ 5%, — 4nGji + A = 0, (315)
I 3\

To the second-order perturbation:

By identifying

S, = %—v - (316)
(313.314) give ;

5+%V-u= —%V»(du). (317)

%V ~ (ﬁ + %11) + 447G = —”i,_,?' (u: Vu) — CWep (%1’1’.,1,_1? + C.?flrll) ; (318)

Combining (317.318) or (315) gives (312).



5.1 Second-order perturbations: 3

Relativistic-Newtonian correspondence

Background world model:
Relativistic (Friedmann 1922) vs. Newtonian (Milne 1934)

oy

a- 87G const. 3 .
.l e i oo a . 319
a? 3 a* 3 (319)

Linear perturbation:
Relativistic (Lifshitz 1946) vs. Newtonian (Bonner 1957)

s a - it -
0+ 2—0 —4nGpd = 0. (320)

a
Weakly nonlinear perturbation:
Newtonian (Peebles 1980) vs. Relativistic (Noh-Hwang 2004)

e . = - ]. - ]. x 2 a
§4 2% — 47Gos = — = [aV - (5u)] + =V - (u - Vu) + CV°8 (—un,_f + ij;) . (321)

a a° a? a
Except for the gravitational wave contribution, the relativistic zero-pressure fluid perturbed to
second order in a flat Friedmann background coincides exactly with the Newtonian system.
“the linear perturbations are so surprisingly simple that a perturbation analysis accu-
rate to second order may be feasible using the methods of Hawking (1966).”
Sachs and Wolfe (1967)



5.2 Third-order perturbations: ;33

Pure relativistic corrections

To the third order we identify:

X . - 1
o, = 0p, 00, = {—_V - L. (322)
l
For pure scalar-type perturbation (313.314) give:
. 1 1 i 1 :
0y + EV u=—-V- (d,u) + = [20,u—V (A7'X)] - V4, (323)
1 . | 4 1
-V - (a+ Hu) + 47Guo, = ——V - (u-Vu) + ”—_,V : [ﬁ- (u . Vu — Eu\_/' : u)}
(1 - “ <
2 A 1 2
—= ,)@,.H-V(V~U) - [II‘V(L\ IJK-):| —I——,)I_I-fo +ﬁJYV'1L (324)
Ja- (1- a= -
where
3
X=20,V-u—u-Vg,+ EA' 'V.[u-V(Ve,) +uly,]. (325)

The first non-vanishing pure relativistic correction terms are ¢, order higher than the New-
tonian terms.
The CMB temperature anisotropy gives
or 1
3
in the large-scale limit near horizon scale.



Conclusions in the zero-pressure case: 3. 33

I

iy

6.

. From the temperature anisotropy of CMB we have 5= ~ %a‘qn ~ _%L,:!. ~e 1072,

Except for the gravitational wave contribution. equations for the relativistic zero-pressure
fluid in a flat Friedmann background coincide exactly with the previously known Newtonian
equations even to the second-order perturbation.

. To the second order, we identify the relativistic density and velocity perturbation vari-

ables. However, we do not have a relativistic variable which corresponds to the Newtonian
potential to the second order.

. We assume a flat Friedmann background but include the cosmological constant, thus our

results are relevant to currently favored cosmology.

. We expand the range of applicability of the Newtonian medium without pressure to all

cosmological scales including the super-horizon scale.

. The Newtonian equations are exact to the second order nonlinearity. Thus, non-vanishing

terms in the third and higher order are pure relativistic effects.

The third-order correction terms in relativistic analysis, thus the pure general relativistic
effects, are of p,-order higher than the second-order Newtonian terms.

. The corrections terms are independent of the horizon scale and depend only on the linear

order gravitational potential (curvature) perturbation strength o,.

_

ol



9. Therefore, one can use the large-scale Newtonian numerical simulation more reliably even
as the simulation scale approaches near (and goes beyond) the horizon.

Complimentary methods: s

1. The large-scale (long wavelength) approximation or the spatial gradient expansion.
2. Cosmological post-Newtonian formulation.
3. Relativistic Zel'dovich approximation.

4. General (spatially inhomogeneous and anisotropic) solutions near singularity where the
large-scale condition is well met.

5. Fitting and averaging.



Future applications: |5

I

Limit of the linear theory.

The limit of the linear theorv cannot be estimated within the linear theory.

. Quasilinear processes leading to the mode-mode coupling among different scales, as well

as among different types of perturbations.

. The non-Gaussian effects due to nonlinear processes in the quantum generation and in the

classical evolution.

. Fate of fluctuations in the collapsing phase, and possibly through a bounce.

In the collapsing phase fluctuations grow. The d-mode becomes the growing one.

As the background reaches singularity the Huctuations inevitably diverge.

. Nonlinear evolutions in the super-horizon scale.

. Nonlinear backreaction to the background world model.

*Second order perturbation is closer to the linear theory than to the nonlinear one.”
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