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Abstract. We present a simple way of deriving cosmological perturbation equations
in generalised gravity theories which accounts for metric perturbations in a gauge-
invariant way. We use an imperfect fluid formulation of the perturbation equations
developed in Einstein gravity and absorb all new contributions as effective fluid quan-
tities. We apply this approach to the f(¢, R) — w(¢)¢, ¢’ Lagrangian which includes
most of the gravity theories employing a scalar field and scalar curvature. The re-
lation between our proposed method and the conformal transformation method is
discussed. Background and perturbation equations are displayed for specific gravity
theories which can be recovered as special cases from the above general Lagrangian.

1. Introduction

The linear analysis of cosmological perturbations in the Friedmann-Lemaitre—
Robertson-Walker (FLRW) background spacetime is important for studying the large
scale structure formation process. Most of the previous work using relativistic calcu-
lations was done based on Einstein’s gravity theory with the Einstein—Hilbert action.
For fairly complete calculations using gauge-invariant variables and for the imperfect
fluid case we can refer to Bardeen’s seminal paper [1]. The same equations were de-
rived using the covariant equations in Hwang and Vishniact ([2], referred to as HV
hereafter). HV derived all the equations in a frame which shows the contribution from
the energy flux explicitly.

Recently, growing interest has arisen in modified gravity theories. These are partly
motivated by quantum calculations in curved spacetime and partly by the need to
construct phenomenologically successful inflationary scenarios. The first kind of moti-
vation gives some ground for studying gravity theories modified by adding terms like
R% R, R® (C,;,4C%%? in dimensions other than four), é¢?R, R?In R, etc to the La-
grangian [4]. Many of the models used to construct more or less successful inflationary
scenarios are based on gravity theories employing some scalar fields and their direct
coupling to gravity via the scalar field and scalar curvature combination. Examples

t In the covariant calculations, the Newtonian analogy of the relativistic calculations becomes ap-
parent. To calculate the energy density perturbation, all the equations we need are the energy,
momentum conservation equations and the Raychaudhuri equation, whereas in Newtonian theory we
use mass conservation instead of energy conservation, and use Poisson’s equation, which is basically
the Raychaudhuri equation in the appropriate limit [3].
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include induced gravity inflation (5], Brans-Dicke type new inflation [6] and old in-
flation [7]. In the inflationary models it is well known that gravitational wave (GW)
perturbations and density perturbations usually give strong constraints on the model
parameters. These follow from the observed level of isotropy in the cosmic background
radiation. Most inflationary models predict a minimal level of perturbations which
will be generated from the ground level fluctuations of quantum fields and magnified
to macroscopic size during the inflationary stage.

Although perturbation analysis based on Einstein’s gravity theory is rather well
studied, if we employ gravity theories which modify the basic structure of the theory,
it may be necessary to redo the calculations employing the modified field equations.
However, perturbation analysis in these non-Einstein gravity theories are very com-
plicated because of the complex structure of the theories. In the present paper we
will develop an efficient calculational procedure for deriving cosmological perturbation
equations based on FLRW background which can treat most of the modified gravity
theories within the context of the Einstein gravity theory. The basic idea is to treat
all the new contributions, except the Einstein tensor part, in the field equation as
contributions to the effective energy momentum tensor. Since HV recently derived all
the perturbation equations in the Einstein gravity theory including imperfect fluid
contributions in the particle frame, identification of the effective fluid quantities from
the effective energy momentum tensor is trivial. Using simple formulae we can easily
convert fluid quantities identified in the particle frame to the energy frame where no
energy flux contributions appear [8]. A final simplification comes from employing the
Ellis—Bruni type variables to construct the gauge-invariant (GI) perturbation variables
for the density and pressure (including the entropic part) [9]. We also systematically
introduced gauge invariant and frame independent variables.

We will apply this calculational prescription to the generalised gravitation theories
based on a Lagrangian which includes the following theories as special cases; f(R)
gravity, which includes R? gravity as a special case, the most general scalar—tensor
theory which includes Brans—-Dicke theory as a special case, and non-minimally coupled
scalar field theories which include induced gravity theory as a special case. We call
this theory a ‘generalised f(¢, R) gravity’ theory. Our calculational scheme will also
be applicable to more general types of gravity theories including various fields.

It is well known that the type of theory we consider as an example contains some
theories which have conformal transformation properties which can convert a given
theory into Einstein’s theory plus (in general) an additional scalar field with a specific
potential. Many people have employed this simplifying prescription in perturbation
analysis [10]. We will discuss the connection between our calculations and conformal
transformation method.

In section 2, we will briefly explain the calculational procedure we propose. In
section 3, the method developed in section 2 will be applied to the generalised f(¢, R)
gravity theory. The full equations necessary to calculate cosmological perturbations,
both for density, vorticity and gravitational wave, will be derived. In section 4 we will
discuss the connections to the conformal transformation method. Section 5 is a dis-
cussion with future studies outlined. In the appendix we will display both background
and density perturbation equations for specific gravity theories.

Our notation will be mostly consistent with Bardeen and HV. As in HV, a dot over
a tensor quantity 7%, Te bcd, means that the quantity is covariantly dlfferentlated
along the fluid 4-velocity (79, = T ,,u?). Except in the harmonically analysed
perturbation equations, we will not dzstznguzsh between the total and perturbed quanti-
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ties using different notations. To background order it is understood that all quantities
are evaluated to background order, and to linear order we only drop the higher order
terms and keep the quantities as the total (see [9,11]). We will use units where ¢ = 1,
but our convention concerning 87 cannot be stated at this stage, because our La-
grangian contains some theories where the resulting gravitational constant can vary
in spacetime. Instead we choose G, = T, to identify T ;.

2. Calculational procedure

In the following section we will explain the calculational procedure for deriving the
equations needed in perturbation calculations which can be applied to a rather general
class of gravity theories. The method proposed in the present paper is applicable for
a spacetime with FLRW background. The derived equations will be enough for single
component fluid perturbations.

We may start to investigate a given theory from its Lagrangian. From the La-
grangian, using the action principle, we can derive the gravitational field equation
(GFE), and the equation of motion (EOM) for the matter part. We propose to write
the GFE in the following form:

Gap =Ty (1)

where G, is the Einstein tensor and we have simply absorbed all the other contribu-
tions in the equations to T,,. Here any possible cosmological constant (A) is absorbed
into T,, and the proportionality constant is set equal to unity. As a matter of con-
vention we may call this T, the effective energy momentum tensor. We can express
it in terms of effective fluid quantities as:

Top = puguy + Phap + qauy + Qg + 7oy

where p, p, ¢,, m,, are the energy density, pressure, energy flux and anisotropic
pressure respectively with u,q® = 7 ,u® = 0 and 7, = m,,. (For convenience, we
omit the term ‘effective’ in referring to these fluid quantities.) The pressure can be
decomposed into the equilibrium and non-equilibrium (entropic) part as p = ppq +
PnEqQ- U® Is a 4-velocity tangent to the fluid flow lines and h; is a projection tensor
into 3-space orthogonal to u®, h,, = g,, + u,u,. From this we can identify the fluid
quantities as follows:

H= Tabuaub p= %Tabhab 9 = — cduchz Tap = Tcdhtczhl(zi - phab' (2)

The fluid quantities expressed in these equations are exact and covariant. In the case
where there are no fluid fields (scalar field ¢ in our example in the next section) except
the metric one, it will be convenient to use the trace part of GFE R = —T = pu — 3p,
as a substitute for the EOM.

Since our equation (1) is identifiable as the Einstein equation with 87G = 1, we
can adopt known results derived in Einstein gravity theory (e.g. Bardeen, HV). To
background order, the equations we need are the following:

K . K .
A=-EXPi o iadutpHE=0 ()

2 ——
B = a? 2

ol
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where a is the background scale factor, K is the 3-space curvature, and H is the Hubble
parameter defined as H = a/a. Equations (3) follow from the ADM energy constraint,
the Raychaudhuri equation and the energy conservation equation in covariant equation
terminology [2]. EOM can be derived from the energy conservation and the second of
equations (3) can be derived from the other equations if H # 0.

For the perturbed equations, we can also use the equations derived in Bardeen and
HV{t. This time it is more convenient to use the set of equations displayed in section 2.1
instead of a single second-order differential equation derived for the GI density variable
€, Since most fields (including the minimally coupled scalar field) give contributions
to the energy flux, as defined in equation (2), it is convenient to have perturbation
equations derived in the particle frame so that we can explicitly identify the energy
flux term. In this paper we adopt the notation of HV, and convert the equations
derived in the particle frame to the energy frame, denoted by the superscript F, using
the following property. The fluid 4-velocity in the energy frame is related to the one
in the particle frame by uZ = u, 4+ ¢,/(¢ + p). In the harmonically analysed form we
have

pf

vE =V 4+ ———
a(p + p)

(4)

2.1. Density perturbation

Using the transformation property in (4), we can find the following transformation
rules for the GI velocity, energy density and pressure variables:

E pf
s

vy = v, + ———=
a(p+p)

1
)uefl = HE, + ;617](

) 0 (5)
pclel + pn = pcle, +pn+ %;pf

t Although we use definitions introduced in Bardeen and HV, for completeness we summarise some
of the definitions below. The metric and 4-velocity are written as

goo = —a(1+24Y) goa = —a?BY, dap = 2[00 (1+2HL) + 2HT Yap)
ug = —a(l 4+ AY) ta = a(v — B)Ya.
The Y are scalar harmonics defined as
- 2 =1 =1 (3
vle, = -y Ya = -2V, Yap = 5 Yjals + 8y

denotes a covariant differentiation based on the metric g(ag. Matter variables are

where the bar -

defined as

Lli

u = psY 8p = (3ub + pn)Y 9a = pfYa 78 = prr¥§.

GI variables are defined as

v,E—u—%HT cmE5-—-5-%(v—B)

QHEHL+§HT+%(B—9-HT) cI>AsA+%(B—%HT)+%(B—%(¢1H)'T).
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where 8(= u®,) = 3H in background and ¢? = dp/dut. In the energy frame no energy
flux term appears. Instead there can be a particle flux term. However, that particle
flux term appears only in the number density conservation equation, and since we
are only interested in the evolution of energy density, we will ignore it. So, all the
equations we need expressed in the energy frame can be written as follows. (For
derivations in energy and particle frame, see Bardeen and HV respectively.)

2 _ -
(padeE) = _k__l;illa (a(u+p)vf+ %adpvrT) (6)
g G g k pcleZ +pn  2k? - 3K prp
WE=Z21{3 - = 7
vs+avs a<A+ L+p 3 k2 L+p ()
. a1 e
= Opt+ -4 = gralu+ )y (8)
B, = O E (9)
H = 3k — 3K/ m
a2
Qo+t Oy = —p5PTr (10)

Equation (6) follows from equations (8)-(10). Combining equations (7) and (8), we
can derive the following:

- a,, - ' ¢ k? - 3K
Oy + E(3<I>H -9,)+ (p+ 2%) ¢, =-1Ap+ _3773—WT' (11)
Here we introduced a variable Ap as Ap B c?ue,,, + pn + p(a/k)v,. This is a GI and
frame-independent variable and will be introduced later (equation (14)) in a more
natural way. Equations (8)-(11) are the basic density perturbation equations derived
from GFE.

Now, what we need is to substitute the fluid quantities, €Z, vE, Ap, and =,
appearing in equations (8)—(11) in terms of the identified fluid quantities in equation
(2). We will outline how to calculate the fluid quantities in a simple way. First,
calculating the anisotropic pressure and the energy flux (in the particle frame) from
their definitions

78 = prpYp 9, = pfY, (12)

is trivial. Second, from equation (5) we can calculate the GI velocity variable in the
energy frame, vP. (pfE = pf(vF) = 0 also gives the same answer.) Third, the GI
density variable, ¢,,, can also be simply calculated by using the Ellis~Bruni variable
as

hhpy(= pl, in HV) = —kY, e, = kY, (A = 2pv,) (13)

t In the literature, there exist inflationary models generated by allowing a bulk viscosity in the
background space[12]. In our treatment of the equations, we can easily allow the background space
to have an entropic (bulk viscosity) part in it. In this case we have p = ppg + pNEQ = PEQ + PNEQ +
SpEq + SpnEq (an overbar indicates a background quantity) with ppq = c2u8Y and épypq =
Pibare value Where ¢2 = ppq/jt, and in (5) n is defined as

a,
PN = Plbare value — 'EPNEQ(U - B).
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where Au(= pé + (a/k)u[B - (a/k)Hp] = pe, in Bardeen) is a GI and frame-
independent density variable. Using equation (5), we can derive ueZ. Fourth, the
pressure perturbation, including the entropic part in it, can also be simply calculated
using the Ellis-Bruni type variable for it:

a .
hopy = —kY(ucke, +pm) = —kY, (Ap = Tpv,). (14)

From this we can calculate’ Ap. The entropic perturbation is pnp = Ap — c?Apu.
(In the case when the background has bulk viscosity in it, we have Apygpq = pn +

(a/k)PnEqys = Ap — ciAp.)

2.1.1. A conserved variable? In Einstein gravity many people have found a con-
served quantity when the scale of the perturbation is large [13]. This variable is very
convenient in connecting the perturbation spectrum at the second horizon crossing
time, in the matter or radiation dominated epoch, to its spectrum at the first horizon
crossing time at the inflationary stage where the perturbations are generated. This
variable was generalised in [14] to general background allowing K (also A) and related
to a conserved quantity at a sudden jump of the background equations of state. It
was shown that this variable has the desired properties only when the perfect fluzd
assumption is applicable. Now, we can generalise the equations taking into account
the imperfect fluid contributions. The following variable, now expressed in the energy
frame, was defined in [14]

2 _ -
vE 4+ (1+2—————]C 3K )%-

E — _ bt
Vo= 332+ p)

5 &

(¥F becomes ¢ defined in [13] for K = 0 and vanishing anisotropic pressure.) Using
equations (7)-(10) we can show

a_pm_

LB
v ap+p

k E
_§.C_Lvs —_—

In the large scale (k — 0) limit, using equations (8) and (10), we can show

a 1

WE = Em(%PWT - pn).

So, in this large scale limit ¥ is a conserved quantity, but only if there are negligible
entropic perturbations and anisotropic pressure. In our calculation, however, since
the fluid variables are defined (for calculational purposes) to absorb all the other
contributions except the Einstein tensor part, there is no a priori reason to neglect
these effective imperfect fluid quantities even on very large scalest.

t However, for the specific generalised gravity theories considered in the appendix, we recently found
quantities that are conserved in the large scale for each theory and were able to express them in an
unique way. For these generalisation of ¢ in some GGT, see {23, 24].
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2.2. Vorticity perturbation

Defining the velocity variable in the energy frame, the equations needed in calculating
the vorticity perturbation evolution can be written as

) k2 -92K
[(#+P)a4”f] = —Taspﬁ" 5
L 1o
202 - I‘l‘ p [

where ¥ = v, — v,§.

2.3. Gravitational wave

Gravitational wave perturbations do not depend on the frame, and the equation can
be written as

S R +2K
iy + 0y + =22 Hp = pry (16)

This equation follows from the (a, #) component of the Einstein equation or simply
from the momentum propagation equation. To calculate the anisotropic pressure, we
need the following shear tensor:

— 42F
Oop = a HpYsp.

Y,z is a tensor harmonic defined as

Yool |, = =k Yop=Yee YU, =Y, =0

77 and Hyp are coeflicients similarly defined as in scalar part but now expanded in
tensor harmonics.

3. Perturbation analysis in generalised f(¢, R) gravity

In this section we will apply our proposed calculational method in the previous section
t To calculate the fluid quantities, the following kinematic properties are needed:

Wag = avCY[aw] o = —akvsYop an =a (irc + ‘:‘UC) Ya
where vc = v — B, vs = v — (a/k)Hyp. Here Yq etc are vector harmonics defined as

1
Yal?| g = —k?Ya Yap = = (Yajs + Ygla) Y2, = 0.

la

v, 7, and Hp are coefficients similarly defined as in the scalar part but now expanded in the vector
harmonic.
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to the following type of general Lagrangiant
BL = 3£(¢,R) — w()¢ ¢ + BLy (17)

where § is a constant needed to fix units. (We neglect surface terms which are not
relevent in this paper.)

From our general Lagrangian we can derive the following EOM for the scalar field,
and GFE

o 49y gey fe
¢;°+2w¢’°¢ +2w_0 (18)

— RF )
f——2— + F,a;b - gabFY ;c> (19)

where we defined F = §f/0R. If there is no scalar field (f = f(R), w = 0), it is
convenient to have the trace part of GFE in place of EOM

—R=T = (1/F)[BT™ —wé .67 +2(f - RF) — 3F* ). (20)

1 e
Cor =T = & (ﬁT;‘,,‘ + (6 abs — $0009.:6°) + 00

Before decomposing the identified T}, into fluid quantities, it is convenient to
introduce the following Ellis—Bruni type variables

¢, = hZ¢,b R, =h{R, F,=hiF, fa=hify. (21)

These are all first-order quantities and GI because they have vanishing background
values, i.e. the perturbed quantities themselves are covariant.
Using equation (2), we can derive fluid quantities as the following}

1 . RF - .
p= 7 (ﬂuM TGRS X SNECIRAy) ST F)

t This Lagrangian is quite general and includes the following type of theories as special cases. (1)
f{R) gravity is a case with f = f(R), w=10, 8 =1:

L=1f(R)+ Ly.

(2) R? gravity is a case of f(R) gravity with f(R) = R~ R?/6M?[15]. (3) Generalised scalar tensor
theories have f = 2¢[R 4 2A(8)] — 2V (4), 8 = 167, w — 2w($)/¢:

— ¢,c9°
16xL = ¢(R+22) -V - w—¢— + 167wLy.

These theories can be called various names depending on whether some term is considered to be a
constant or neglected[16]. The most widely known case is the Brans—Dicke theory where A = V = 0,
and w = constant. (4) The case with f = aR— {¢?2R-2V(¢),w=1,0=1

L=1oR-1¢6°R-V - 16,:6° + L.

o = 1 is the non-minimally coupled scalar field case. (5) ¢ = 0 is the minimally coupled case. (6)
Induced gravity is a special case with a = 0 with a specialised potential.
1 In deriving these it is useful to use the following covariant identities.

R%.=—-R-0R+ R, R g putul = R - Rga®

Rmbha’b =—-6R+ R¢ .~ Rca® R,C;duchg = Rq — Rag — ugRea®

R qhhd = héoRyy,c = 38u(aRy) — 20Rhqp — Roay — Reuga[w®y) + 0]
Kinematic quantities 8, 045, wap and aq are defined as [17]

d=ut, Gab = h(cahg')uc;d - L6hg Wap = hfahg]uc;d @q = Uq.
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RF ~ f
2

1 w, . .
p= F[ﬂpM + §(¢2 - fgl'q)c(pc) - +F+ %0F - %Fc;c - 'I'Fcac]

1 ) . .
= f[ﬁq{,“ ~w¢d, — F, + Fa, + u,Fa] (22)
1 .
7rab = 'ﬁ[ﬂﬂ'% +W(¢a®b - %habQCQC) + hCan);c - -:I;Fc;chab bl Fa'ab
- %QU(an) - Fcu(a(wcb) + Ucb)) + %hachaC]'

EOM and the trace equation can also be written as the following:

f¢

$+0¢—¢°;C+2—§($2 2,09 - 3£ =0 (23)

~R=T= %[ﬂTM +w(é? — ,8°) + 2(f - RF) +3(F +0F - F°)]. (24)

All the formulae derived up to this point are covariant and exact. Since we will develop
the single component fluid formulation, from now on we neglect contributions from
the matter part (T¥ = 0).

ab —

3.1. To background order

It is trivial to write the fluid quantities to background order:

Ll (wge RE-f Ll (wgpe S RE b agp
u—F(2¢+ 5 9F> p—F(2¢+ 5 + F + 20F

G = Tqp = 0.
In this FLRW background, the EOM and the trace equation become

b+066+ '%2 f‘" =0
L (25)
—R:T:F[w¢2+2(f—RF)+3(F+0F)].

The first two of equations (3) can be written as

1 RF - f K
2 2 [
" 3F< 79+ BF) e
.1 s
H_—ﬁ(wds + B 6F>

K | (26)

Equations (25) and (26) complete the background equations needed.
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2.2, To linear order

To linear order the fluid quantities in equation (22) can be expressed as
1 fw., RF-Ff 5 .
p= 7 (2 o° + 7 6F + F .

1 fw, — RF . .
pz_F-(5¢2+f2 +F+%0F—%F°;c>

1 ) . . (27)
Qs = 'F(_wd)q)a - Fa + Faa)

1 c :
Tap = 'F—(F(a;b) - %F ;chab - Faab)'

Using these in our perturbation equations {equations (8)—(11)), the EOM (equation
(23)), and the trace equation (equation (24)) complete the set of equations needed to
calculate cosmological density perturbations in our gravity theory.

3.2.1. Density perturbation. Following the suggested procedure we can calculate all
the needed GI perturbation quantities in the energy frame, vZ, peZ, Ap, prp. We
will present our results in harmonically analysed forms. To do this it is convenient to
introduce GI variables for ¢, R, F', and f, in a way not depending on the frame. We
already introduced the GI variables in equation (21). As an example we consider ®,.
Since it is a spatial variable, only the spatial part does not vanish. We can expand
it as &, = hb o, = —kY,[6¢ - (a/k)¢(v ~ B)]. Although this is GI, it depends on
choosing a frame. By decomposing the —ad)v,Ya part we can construct a GI and frame
independent variable, A¢,

a a - a -
@, = —kY, (AqS - %qﬁvs) A¢ =66+ 29 (B - 7c~HT) . (28)
Similar variables can be defined for R, F and f, as AR, AF and Af respectively.
Since the shear of the normal unit vector field of the hypersurface is ¢,5 = —ak[B —

(a/k)HT]Yaﬂ, A¢ (and similarly for others) measures §¢ in the zero shear (of the
normal unit vector) hypersurface [1,2].

From equation (27) we can calculate the energy flux (in the particle frame) and
anisotropic pressure as

k , ; . .

pf= 7 <AF_. SAF+w¢A¢—F¢A> —a(p + p)v,
_©ar

prp = a?z F

(29)

Note that in these calculations, the following expansions will be used frequently:
Boody = @ + 3038, — da, = —kY,[A — 62, — (a/k)g,]
Wby = kY (06— dd, - 269, — (a/k)sv,)

where Aé = (A¢). To calculate the fluid quantities, we will need the following
kinematic quantities:

On = hb0, = —kY,[38 — 60, + (a/k)(k?*/a® - 6)v,]
Oog = —akvaYaﬂ Ay = _kYa{(pA - (a/k)[va + (a/a)vs]}
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E

Using equation (4) we can derive v{ as

a(u+p)of = % (AF - SAF +whAd - F‘PA) : (30)

Now using equations (13), (14) and (27) we can show the following energy density and
pressure variables:

pel = %WM + 1w 482 — f 5 + 2000)A¢ + (3H — k?/a?)AF
+ F(=3% + 6% ,) —wd?® ] (31)
Ap= %{wéAé + 1w 482+ f ))Ad + AF + 20AF

+[2k%/a® + L(p— WIAF + F(28p — &) — (wé? + 2(F + 26F)]® 4 }.
(32)

With equations (29)-(32) we can rewrite our perturbation equations (8)-(11) in terms
of these variables:

a F AF aAF
—‘I’H+(E+ﬁ)‘I’A 2<—ﬁ——; T ¢A¢> (33)
k2 - 3K . 3F 1[3FAF (. k2 34F\AF
%ty (‘4’ w)“’ §{§7z—+(9—a—z‘557>7
FERYN SRS I Y K | DV (31)
F 2F | ¢ 34 a 2F
®,+ Py = —AF/F (35)
L a, F : : f—RF 2K _ 1{AF
aAF —p 2K\ AF 2
+2 ?+< 5 +‘&?>T+ ¢A¢+——(w¢¢ +f4)A0| (36)

Finally operating h% 8, on the EOM and trace equation (equations (23) and (24)) we
have a complete set of equations needed for scalar type perturbation:

£2—+( 2)., ¢22 B (%)J A

f¢,

Ad+(0+ =24)Ad +

o . f
= ¢(d, —30,) + @AL;—"’ + 22BAR, (37)
AF+6AF + (k*/a® — R/3)AF + %FAR + 2wdAd + Lw 4,67 + 2 ,) A
= F(®, -38,)+ 2(FR-2f)®,. (38)
In equation (37) we may need AR expressed in terms of metric quantities as follows:

2k + K Q i a? k2
AR-6[¢H+4 Zd, + 3T¢H‘E¢A‘(2E+2a2 3a2)<1>A]

Equations (33)—(38) are the (redundantly) complete equations we need for density
perturbations.
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3.2.2. Vorticity perturbation. We can similarly construct the Gl and frame independent
variable. We can show F, = aFv,Y,, and so we have AF = (a/k)F¥. From equation
(27) we can derive

kF
prp = ;f‘l’ pf=—a(u +P)Uc

so, from equations (15) we have
vf:O - ¥=0 — pmp=0.

That is, the vorticity mode cannot be generated in a generalised f(¢, R) gravity theory
neglecting the matter contributions.

3.2.3. Gravitational wave perturbation. From equation (27), one can show that
F .
prp = _'F"HT

so, our GW perturbation equation (16) becomes

. " 249K

Hr+ 0+ %)HT + "’——Z}—HT =0 (39)
We emphasise that F = §f/0R ~ §L/JR. The same equation was derived in [18] us-
ing the conformal transformation properties of the Lagrangian to the more convenient
form of an Einstein type theory with scalar field. (The derivation in this method will
be shown in the next section.) Ours can be considered as another derivation of the
same result. For analysis of equation (39), see [18].

4. Conformal transformation method

In this section we will discuss the relation between our proposed direct method and
the conformal transformation (CT) method in the case where the theory can be trans-
formed to Einstein gravity with additional scalar field by ¢T. It will be shown below
that our general Lagrangian can be conformally transformed into an Einstein type
gravity theory with at most one additional scalar field which has a special poten-
tial [19,20].

Let us start with brief summary of the effect of CT on spacetime curvature. By
CT the metric is transformed into

gab = ngab (40)

where (2 is a spacetime position dependent factor. (We use the hat to denote quantities
based on conformally transformed metric theory.) This transformation induces the
following changes in the connection coefficients and the curvature tensors

- 1 .

Fgc = gc + 5(9,055 + Q,bég - Q’agbc)

. 1 . 1 .
Ryy = Ryy - 5(2Q,b;d + €. .g,q) + 52‘(49,179,(1 - Q Q)

.1 6 ..
R=§ (R“‘ﬁﬂ' ;c>.
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The fluid 4-velocity and the projection tensor transform as
4, = Qu, hoy = Q2hg,.

Now, by defining the conformal factor as

V=F= exp(\/—%-w) (41)

where 1 is a new dynamical variable, one can showthat our original Lagrangian (equa-
tion (17)) can be transformed into (we neglect the additional matter part Lagrangian

Ly)

BL=LiR-

o

=16.8" — 1y WF - V(6,¥) (42)

where a possible surface term is neglected and the potential is defined as

FR—f

Ve, ¥) = ~ (43)

It becomes obvious that our original non-Einsteinian theory is cast into an Einstein
theory with (in general) an additional scalar field () with a special potential term
V(¢,%¥)t. From this we can derive the transformed GFE and EOM for both ¢ and -

Gab = Tab = %(¢,a¢,b - %Qs,c(&cgab) + w,aw,b - %w,cd):cgab - Vgab
8+ (0,206 6 — \[26 6 — (Fw)V, = 0
W =V + 30/ )66 = 0

The EOM for ¢ corresponds to the trace equation (equation (20)) in the original theory.
(We left F' in these transformed equations, but it should be considered as a function
of ¢ defined in equation (41).)

4.1. Perturbation theory
By separating the conformal factor € into the background and the perturbed part as
Q= Qpg(l+60Y)

we can see that the only changes in the background scale factor and the perturbed
metric are the following:

i =aQpg A=A+6Q H; = H, +6Q. (44)

From the definitions of the potential variables one can show that changes in the GI
perturbed potential (metric) variables are

b, =0,+A0 &, =3y + AQ (45)

t For each of the theories shown in the appendix, the proper introduction of the new dynamical
variables (¥) allows us to conformally transform each theory into Einstein's theory with a single MsF
T [24).
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where AQ is a GI and frame-independent variable defined as h3Q, = —kY,[QAQ -
(a/E)hv, ).
In our generalised f(¢#, R) gravity theory, due to equations (44) and (45), we have

Ope =VF=exp(3y/2v) A= AF/2F = 1y/2Av. (46)

Background equations, EOM for ¢ and v can be written as (in the following, for
notational convenience, we neglect the hat denoting quantities evaluated in §,; space)

1 {wé? 2 K o 1w, K
2 _ 2 |{¥e Y - ~ __ {2 2 il
H_3<F2+2+V) 2 o 2(F¢ +¢)+a2
" . e W F
G406 \[2bi+ 22424 TV, =0 (47)
¢+9¢+K¢+\/§%%¢52=0-

Following the procedure suggested in this paper, the perturbed fluid quantities can be
derived as

prp =10
alp+ p)of = k(5986 +VAY)
. . .o . 42
peE = —¢>A¢+ (%0¢>+ Ve + %ﬁ%qs?) Ad+ pAY + (9’/’“’,»» - g%%—) Ay
v
- (Fo+ i) 2
Ap=24Ad+ (5242 - V,) A+~ (\/_—¢2+K¢)A¢—(%¢2+¢2)®A

Using equations (8)-(11), the perturbation equations can be written as

. : 1 . .
— by + 20, = o (%400 + Jay) (48)
- 3K 1. , wé
—G_(I)H+ ( ¢2+¢2) §L‘/)A¢+<9¢+V,¢_\/—F2>A¢
W W W,
+ 2686+ (3282 4V, + 206) A (49)
&, +®, =0 (50)

<‘1'>H+§(3<1>H—¢>A)+( V+?f‘—)q>,,=_%[¢A¢_<m+\/§‘§%-z>lw

gines (- 1) o] o
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EOM for ¢ and ¢ are

A+ (0— ﬂr&ﬁ—i—fé) A+ g+ (%),¢"32+F (%—)¢ Ag
- Vasng+ CeDvny = 4o, -3, -25v,0, 52)
sivoni (B v - §20r) ave B2ini e (vior B5207) o
= §(d, —30y) — 2V, 0, (33)

Using equations (44)—-(46) one can trivially check that the original set of equations for
the background and perturbation (equations (25), (26), (33)—(38)) can be derived from
the above conformally transformed set of the equations. In fact, this can be another
way of deriving the perturbation equations in these generalised gravity theories using
cT properties. For vanishing additional scalar field (¢ = 0), the above equations are
the case with minimally coupled scalar field i with special potential V().

The vorticity mode cannot be generated in this type of theory neglecting the
matter part. Since pmp = 0 in the GW mode, the GW equation becomes

~
Hp + Q%H’T + (k2 + 2K)Hp = 0

where a prime denotes a derivative with respect to conformal time. Using equation (44)
one can easily derive the GW perturbation equation in our original theory expressed
in equation (39). For discussions about the physical significance of two conformally
related metrics see [21].

5. Discussion

In the present paper we have presented a simple way of deriving linear perturbation
equations which can be applicable to a broad range of gravity theories, by treating the
system in analogy with Einstein’s equation. We absorbed all new contributions into
the effective energy momentum tensor and treated them as fluid like contributions.
Derivations of these equations become simpler using the Ellis-Bruni type variables
and introducing the gauge-invariant and frame-independent variables. The formalism
developed here is applicable to the single component fluid case in the FLRW back-
ground. Multi-component fluid generalisation is straightforward and will be presented
elsewhere.

Although we have restricted our attention to a generalised f(¢, R) gravity theory,
this prescription can be applied to wider variety of gravity theories, e.g., allowing the
R ;R®® term in the Lagrangian, HS’) contributions to T, [4], etc. Applications to
specific gravity theories will be of great interest in view of the recent growing interest
in these theories. In particular, the generation and evolution of perturbations during
a possible inflationary phase and their final spectrum at second horizon crossing time
deserve special attention. All these questions are currently under investigation. (See
[23,24] for recent advances.)
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Appendix. Equations for specific gravity theories

Here we will display the background and perturbed equations needed in the pertur-
bation calculation in specialised gravity theories. These equations can be derived in
three different ways. First, we can directly apply the method proposed in this paper.
Second, we can reduce the equations derived for generalised f(¢, R) gravity. Third, we
can use the CT method and transform back to the original theory. Analysis of these
equations in known background evolution, especially including inflationary epochs,
will be presented elsewheret.

Al f(R) gravity

f(R) gravity is a case with f = f(R), w =0, 8 = 1.
Background:

1 . RF-f _
_F<6F+ ) ) p=

F+6F+1(2f-FR)=0.

<F+§9F—RF_f>

1
F 2

Perturbed equations:

. 4. @ F : : f—RF 2K
‘I)H+E@H+(E+§I—;‘)(2‘I’H—‘I’A)+(T*‘ﬁ‘)q’;&

e
AR 888 (von, 1) A

F Y F 7 T ) F

. . k2 R . .
AF 4+ 0AF + (55 - E) AF +iFAR=F($, —3d,)+ 2(FR-2/)®,.

T Recently we were able to rewrite the equations displayed in each of the following gravity theories,
and found asymptotic solutions in both the large and small scale limits [23]. The large scale asymp-
totic solutions and corresponding conserved quantities can be used to discuss the general process of
calculating the inflationary spectrum in a generic inflationary model [24].
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A2, R? gravity

R? gravity is a case of f(R) gravity with f(R) = R — R?/6M?2.
Background:

! S 1 s aap . 1o
7 3MTF (HR 4R> P= 3M2F< R+ R
R+6R—- M2R=0.

Perturbed equations:

: a R 1 .4
~ %t (;‘m) 4= 5o (‘A“a”)

RAR  ¥* . &

k? - 3K R? 1 Ly
2M?F " ‘a2 2M2F

®n + Toarerz %A = GAEF
AR
SMEF

. a a R _ R2 | 2K
A (E‘W) @b ~b.) + (g7 + 1) 2

1 2K
= 5°F [AR+2 AR+( +——)AR]

—<)AR

a?

®A+¢H=

2

2 . .
AR+0AR+ (k— - M2> AR=R(®, —3®y) +2M?R® .

For K = 0, these equations are derived in [15].

AS8. Generalised scalar tensor theory

Generalised scalar tensor theories is a case with f = 2¢[R+ 2A(¢)] — 2V (9), 8 = 167,
w — 2w($)/¢ (since A can be absorbed into V, we neglect A in the following).
Background:

_V  wér 4 3 w §?
= tig ”“"%*W

1
¢
<1+—)(¢+0¢) '%‘qu(v-- )

Perturbed equations:

(5+ 50

) ; j 1
—‘I’H'*‘(S"i'%)q’,q:‘

k? - 3K j2 1 SA 2V, Vv
T¢H+%(w+%)%%=5{(w+%¢——¢+[<§> ¢ +7¢_3
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L2 _ 52 i
_%%%Hﬂg)ge] é_ez}

Q,y+ Py =-A8/0

w) ¢ 2K V, |Aé
<E>,¢2+a2 2"”}7{}

S (ng) 53 (2) =3 (2n)
— 4+ |{Iln= ——=-|-)] R4+=|ZV A¢
a? nqS ,¢¢2 2 \w ¢ 2 \w ? P

= ¢(d, —3d,) + %(R — V), + %AR.

A4. Non-minimally coupled scalar field and induced gravity

f=aR—-—§¢*R-2V(¢),w=1,8 =1, « = 1 in the non-minimally coupled case
(¢ = 0 in minimally coupled case). Induced gravity is a special case with o = 0 with
a specialised potential.

Background:

i (¢

s

2 1 qu ¢2
+V +26044) P=——7 e -V- 26¢(¢+29¢+¢)

¢+06+ER+V, =0.

Perturbed equations:

—~ &+ (S + a—f‘zﬁz) o, = a—;w {—€¢A¢3+ §+s¢ (g - %) A¢}
St g (14 aem) 9= amw (1 a0
+ [—éﬁ (% + a352?;2> teot 31{] Aqs}
B+ 0, = alf_??fz.

. g . ) j . . 14 2K
B gt ( - 0%2) @by =00+ (-2 + 1) o4

- _—_1-_{ ESAS + f_25(¢+§¢)

P Ad

+ | ——=

. . 2 .. .
Ad+0A¢ + (ER + Vg + %) Ap=d(d, —3by) — 2V, +ESR)D, — ESAR.
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Ab. Minimally coupled scalar field
Background:

(2 ¢;2 . .
p=g+V p="-V é+06+V,=0.

Perturbation equations:

. a ,
~ &g+ =%, = $6A¢

k2 - 3K : YO

TRy + 4470, = (04 - dag)

@A + @H = 0

. G . . 2K s

by + 230y~ 0, + <-v ; -07) o, = —L($Ad - V,A)

) , k2 .. .
Ad+0A$ + (V,¢¢ + 55) A¢ = d(d, —3by) — 2V,

For K = 0, these equations are derived in [22].
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