. 30 August 2001
%@ PHYSICS LETTERS B

ELSEVIER Physics Letters B 515 (2001) 231-237

www.elsevier.com/locate/npe

Inflationary spectra in generalized gravity: unified forms

Hyerim Noh??, Jai-Chan HwangP

@ Korea Astronomy Observatory, Daejon, South Korea
b Institute of Astronomy, Madingley Road, Cambridge, UK
€ Department of Astronomy and Atmospheric Sciences, Kyungpook National University, Taegu, South Korea

Received 21 May 2001; received in revised form 2 July 2001; accepted 2 July 2001
Editor: J. Frieman

Abstract

The classical evolution and the quantum generation processes of the scalar- and tensor-type cosmological perturbations ir
the context of a broad class of generalized gravity theories are presented in unified forms. The exact forms of final spectra of
the two types of structures generated during a generalized slow-roll inflation are derived. Results in generalized gravity are
characterized by two additional parameters which are the coupling between gravity and(eld), and the nonminimal
coupling in the kinetic part of the field(¢). Our general results include widely studied gravity theories and inflation models
as special cases, and show how the well known consistency relation and spectra in ordinary Einstein gravity inflation models
are affected by the generalized nature of the gravity thedri@f01 Published by Elsevier Science B.V.

1. Introduction geous and isotropic Friedmann world model, and the
linearity of the imposed structures.
However, the observational evidences do not nec-
Lifshitz instability theory [1], the relativistic linear  essarily constrain the underlying gravity theory, es-
perturbation theory of an expanding Friedmann world pecially during the seed generating stage in the very
model, first presented in 1946 has been studied in the early universe, to be Einstein one. Generalized forms
literature over more than a half century [2-5]. The ob- of gravity appear ubiquitously in any reasonable at-
served cosmological structures in the large-scale andtempts to understand the quantum aspects of the grav-
in the early universe are generally believed to be- ity theory, and also naturally appear in the low energy
have as small deviations from the homogeneous and|imits of diverse attempts to unify gravity with other
isotropic background world model. Under such a situ- fundamental forces, like the Kaluza—Klein, the su-
ation the relativisitic cosmological perturbation analy- pergravity, the string/M-theory programs. Modifying
sis becomes manageable due to the assumed linearterms appear naturally in the quantization processes of
ity of the structures. Recent observational advances of the gravity theory in a way toward the quantum grav-
the CMBR anisotropies conform/reinforce the valid- ity. Thus, there arises a growing chance that the early
ity of the two basic assumptions used in most of the stages of the universe were governed by the gravity
cosmological structure formation theories: the homo- more general than Einstein one.
Reflecting such possibilities, there have been many
studies of the world models as well as the perturba-
T E-mail addressjhwang@ast.cam.ac.uk (J.-C. Hwang). tions based on variety of generalized gravity theories
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[6-8]; for our study see [9-12]. In this Letter we will

present the classical evolution and quantum genera-
tion processes, and the consequent inflationary spectra  \ne also consid

in unified forms which include (1) the scalar- and the
tensor-type structures, and (2) the fluid and the field in
Einstein gravity, and the field in a class of generalized
gravity theories. We set= 1.

2. Gravity and world model

We consider gravity theories with the following
action

S= f 5 JE[11 (6. R) — 3o ()¢

- V(¢) + Lm]v (1)

where f (¢, R) is a general algebraic function of the
scalar field¢ and the scalar curvatur; o (¢) and
V(¢) are general algebraic functions of L,, is the
matter Lagrangian with the hydrodynamic energy—
momentum tensorT,, defined asd(y/—gLn) =
%J—_gT“ngab. Our generalized gravity includes as
subset [10]:f (R) gravity which includesk? gravity,
the scalar-tensor theory which includes the Jordan—
Brans—Dicke theory [13], the nonminimally coupled
scalar field, the induced gravity [14], the low-energy
effective action of string theory [15], etc. It does not,
however, include higher-derivative theories with terms
like R**R,;, see [16].

We consider a spatially homogeneous and isotropic
Friedmann world model with the most general space-
time dependent perturbations

ds?

(14 200) dt? — 2a(B.o + By) dt dx®
+ az[gé?/;)(l + 2¢) + 2)/,0,\/3
+2C@|p) + anﬁ] dx®dxP.

)

a, B, v, and ¢ indicate the scalar-type structure;
the transverseB, and C, indicate the vector-type
structure; the transverse-tracefr€gg indicates the
tensor-type structure. The three types of structures
are related to the density condensation, the rotation,
and the gravitational wave, respectively. Since, to
the linear order in the Friedmann background, these

three types of structures evolve independently, we can

handle them separately. Indices Bf, C, and Cug

H. Noh, J.-C. Hwang / Physics Letters B 515 (2001) 231-237

3.
af’
derivative based oglf’).

er the general perturbations in the
hydrodynamic energy—momentum tensor and the
scalar field Tup(X,t) = Tup(t) + 8Tup(X,7) and

O (X, 1) = d(t)+34 (X, 1). The perturbed order energy—
momentum tensor in terms of the hydrodynamic fluid
quantities is

are based og_7; a vertical bar indicates a covariant

d=—(i+w).  TQ=(u+p)va.
Tg‘ =(p+ Sp)Sg + ng‘, 3)
wherev, andz¢ are based og;?.

We introduce the following gauge-invariant combi-
nations

aH H8¢ H8¢
=¢p— —0, =¢ — = =—— s
Po=¢ = — W =¢= 2 5%
px=¢—Hy, (4)

wherek is a comoving wavenumber arifl = a/a; an
overdot and a prime indicate time derivatives based
on ¢t and the conformal time;, respectively, with
dt =adn. ¢, is the same ag in the zero-shear gauge
which setsy = a(B8 + ay) equals to zero as the gauge
condition;y, is the same ag in the comoving gauge
condition which takes/k = 0 as the gauge condition;
v introduced asv, = —vq/k is a velocity related
scalar-type perturbation variable. For the scalar field
the velocity related effective fluid quantity becomes
a(u + p)v/k = ¢8¢, thus the uniform-field gauge
with 8¢ = 0 coincides with the comoving gauge
condition [17]. The gauge-invariant combinatigp
was first introduced by Lukash in 1980 [4]; in the
following we will notice the profound importance
of ¢,, the Lukash variable, in handling the scalar-type
cosmological perturbations.

The equations for background are:

1 : :
H?= [+ 3(w? - f + RF +2V) —3HF]
K
. 1 T . K
——ﬁ(u+p+a)¢ +F—HF)+?, (6)
. K
R=6<2H2+H+?), @)
.1 -
¢+3H¢+z(w,¢¢ — f¢+2V4) =0, (8)
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@+ 3H(u+ p) =0, 9) of Eq. (11) is valid for an ideal fluid in Einstein grav-
ity with ¢2 = p/ji. The case of Eq. (12) is valid
for the second-order gravity system such as either
f = F(¢)R in the presence of a fielg or f = f(R)
without the field. The case of Eq. (13) is valid for the
general systemin Eq. (1). Using= a/Q andv = z®

Eq. (10) becomes [4]

v+ (clzék2 —7"/z)v=0. a7

where F = 3f/(dR). Eg. (6) follows from the rest

of the equationsK is the sign of the background
spatial curvature. In Einstein gravity limit we have
F =1/(87G). Our gravity theory includes the cos-
mological constanta. !

3. Classical evolution L
In the large-scale limit, with” /z > c% k2, we have an

We considemear flatbackground, thus negleét exact solution

term. The equations and the large-scale solutions for | dt
the scalar- and tensor-type structures can be written in @ = C(X) — D(X) / 20 (18)
a unified form as 0 a

1,5 .. k2 Ignoring the transient solution we have a temporally
a30 (a*0) tcaz® =0, (10) conserved behavior
where, for the fluid in Einstein gravity, the field in & (x, ) = C(x). (29)

generalized gravity, and the tensor-type structures,

respectively, we have [10,12,18]: For the scalar-type perturbation we can show that the

decaying solution in Eq. (18) ié%)z higher order

D — _ktp 2_ 2 11 compared with the one in the zero-shear gauge [10].
_(pvv Q_ 2 2’ CA_CS’ ( ) . .

caH Therefore, the nontransient solutionsiin the large-

o | 32 ‘5 scale limit is generallyconserved These conserva-

0Pt 7 _ 9 2 ti ti lid consideri lly ti
D = sy, 0= — 5= ﬁzs, 5 =1, ion properties are valid considering generally time

(H+ 27) varying p(u), V(¢), o(@), and (¢, R) [F(¢) for

(12) wse and f(R) for gsr], thus are valid independently

- C?;‘, O=F= Z. C% —1 (13) of changes in underlying gravity theory. The unified

87 G analyses of the gravity theories belonging to Eq. (1)

whereZ’s become unity in the limit of Einstein grav-  are crucially important to make this point: that is, since
ity. 2 Egs. (11), (12) are valid for single component the solutions and the conservation properties are valid

fluid and field, whereas Eq. (13) is valid in the pres- considering general, V, w, and f, we can claim that
ence of arbitrary numbers of fluid and field as long as ® remains conserved independently of changing equa-

the tensor-type anisotropic stress vanishes. The casdion of state, field potential, and gravity sector.

1 1t can be simulated using either the scalar field or the fluid. 4, Quantum generation
Using the scalar field we & — V + A /(87 G). Using the fluid
we lety — u+ A/(8rG) andp — p — A/(87G). This causes a
change only in Eqg. (5).

2 In the gravity with stringy correction terms

We have shown that the growing solution &fis
conserved in the large scale linmidependentlyf the

ED)[c1RZ g + 2G4 + 300079 $. 4 + 4@ 9.0)?],
14)

~ K/a2
RR, 15 =g, — — 1=
8(@) (15) D =g, Gt D) x> (16)

3 In the situation with generat, with [8]

i i 2  _ pabcd _ ab 2

in the Eagrangﬁn,q\ivher(iRGB - R_ Rapea — 4R R“f’ TR Egs. (10), (11) are valid for an ideal fluid [18], whereas the same
and RR = n“"“ R, Reger, e still have Eq. (10) with more  equations withe% = 1 — 3(1 — ¢2)K /2 are valid for a minimally
complicatedQ andci [19]. coupled scalar field [21].
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specifics of the gravity theories including changes be- the mode function has an exact solution
tween different gravity theories. Thus, the classical

evolution in the large scale is characterized by the con- Vn| N @
served quantityC(x) which encodes the information ~ %*(D = 2a\/§[cl(k)Hv () + c2() H;? (1) ],

about the spatial structure of the nontransient solution. (24)
In order to have information about large scale struc-

ture, we need the information abofit= C(x) which where v = /n+1/4 and x = cak|n|. From the
must have been generated from quantum fluctuations quantization condition we have

in the early inflationary stage of the universe; gravity

alone cannot generate the seed fluctuations out of the|¢,2 — |¢;12 = 1, (25)
spatially homogeneous and isotropic background.

We consider the quantum generation process in where for the gravitational wave this condition should
unified forms. From Eq. (10) we can construct the be met for each polarization state [12]. The power
perturbed action in a unified form [4,5,8,11,12] spectrum based on the vacuum expectation valg of
is

1 . 1
528 = E/a?’Q<<1§2—c124ﬁ<1§}’Cli},)dtd?’)c. (20)
3

This action as well as Egs. (10), (17) was first derived Pg(k, n) = o7 /(‘P(X F1,OPX, 1)) K d3r
by Lukash in 1980 in the context of an ideal fluid [4],
and later was derived in the context of a field [5].

In order to handle the quantum mechanical gen-
erations of the scalar-type structure and the gravita-
tional wave, we regard the perturbed parts of the met-
ric and matter variables as Hilbert space operators,
@ (x,1). Since we are considering a flat three-space
background, we may expar® in mode function ex-
pansion

k8 5
= ?@k(nﬂ . (26)

Assuminghe simplest vacuum state with = 1 and

¢1 = 0 which corresponds to the flat spacetime quan-
tum field theory vacuum state with positive frequen-
cies, in the large-scale limit we ha¥e

= 43k : + . P2 =
cb(x,r)=/W[&kdﬁku)e’k‘x+akq§,j(t)e*’k‘x], o LS 27 aH|y| I'(3/2)

(21)
where &, (1) is a mode function. The annihilation where we should consider additionaf2 factor for
and creation operators andfz,;r follow the standard  the gravitational wave which follows from proper
commutation relations. In the quantization process of considering of the two polarization states [12]. We
the gravitational wave we need to take into account of have Pgz|.s = constant® thus consistent with the
the two polarization states properly [3,12]. From our general large-scale behavior in Eq. (19). The spectral
perturbed action in Eq. (20) we hawg = 9L£/0® = indices are
a®Q®. From the equal-time commutation relation

H 1 TI'( <M>3/2” 1
2 cx\/@’
(27)

[a<x, D, Ae(X, )] = i83(x — X)) ng—1= d;:}fv =3— 2u,

we can derive d |n7’cg

& b; — dfd =i/(a®Q). 22 M= gmp T (28)
Under theansatz$

7 )z = n/nz, ci = constant (23) " 5 Forv =0 we have an additional 2lia4k|n|) factor.

6 Usingn = q(¢ + 1) we can show o< [7|™7 andv =g + 3,
- thus Pg|Ls = constant forv > 0; for v = 0 we additionally have
4 For solutions in the case of more general ansatz, see [22]. zoc/[nlIn |y, thusPz | s = constant as well.



H. Noh, J.-C. Hwang / Physics Letters B 515 (2001) 231-237

5. Slow-roll inflation

We consider situations without the fluid, thtfs= 1.
We introduce the slow-roll parameters [10]

H 1F
€ =—, €2=—r\ €3=-——0,
1= h2 = Ho ST 2HF
1 E 3F?
—- " E=F ~ ). 29
“4=%HE (w+2¢2F> (29)

Compared with the Einstein gravity in [23] we have
two additional parameterss and ¢4 for the scalar-
type perturbation which reflect the effects of additional
parametersF and @ in our generalized gravity; for
the tensor-type perturbation we have one additional
parameteks from F. From Egs. (12), (13) we have
[10,12]

"
Z—S ZQZ[H2(1_€1+62_€3+64)(2+€2—63+€4)
S
+ H(—é1+éx—éz+€a)
€3
1+ €3

—2(%’—61+62—63+e4)H

&, & ] (30)
1+ e3 1+e€3)2 ]
"
U@’ [HX1+e)2+e1ten) + Hes), (31

2t

and ["(1+e1)dn=—1/(aH).
Assumingé; = 0 we have(l + €1)n = —1/(aH),
thus ansatzs in Eq. (23) are satisfied with

_(l-ea+e—e3+e)(2+ex—e3+eg)
(1+4€1)?

_ (1+e€3)(2+e€1+e€3)

’ (1+€1)?2
In such a case the rest of the exact results in Section 4
are available. Since the large-scale structures are
generated during short time interval (about6fdlds)
of the latest inflation, we anticipate time variation
of ¢; during that period is negligible; still this is an
assumptionwe are making in the following. Under
this situation the power-spectra of the two-types of
structures in the large-scale limit are given in Eq. (27)
with the spectral indices given as

ns —1=3—/4ns +1,
ny=3—+/4n, + 1.

N ’

(32)

(33)

235

Thus, by imposing the condition of Zel'dovich spectra
(ns — 1~ 0=~~nr) which is consistent with the CMBR
observation, we can derive constraintseps, thus on
the parameters of the gravity theofy (w, andF).

Now, to the first-order in the slow-roll parameters,
i.e., furtherassuminge;| « 1, from Eq. (27) we can
derive

H
Piss= {570,
= HZ. ! {1+e1+[ya+Inkin)]
27 |pl VZs
x (2e1 — €2+ €3 — €a)}, (34)
H 1
Pé%2|LS=«/16nGZ\/Z
x {14 €1+ [y1+Inkinh](e1 — €3)},
(35)

wherey; =yg +1In2—-2=-0.7296.. ., with yg the
Euler constant. We have

_w— 247[GF€§/€1
- (1+e)?

Thus, besideg1, the scalar-type perturbation is af-
fected byey, €3 andey (thus, ¢, F andw), whereas
the tensor-type perturbation is affectedday(thus, F)
only; see also Eq. (38).

The observationally relevant scales exit Hubble
horizon within about 6@-folds before the end of the
latest inflation. Far outside the horizon the quantum
fluctuations classicalize and we can idenfify = Pz
where Pg is the power-spectrum based on spatial
averaging

Z,=8tGF.  (36)

N ’

3

k
Po(k,n) = 272

k3 )
= ?'45(161 mle,

/(cD(x +1, 0P (X, 1)) e K" a3

(37)

with @ (k, n) a Fourier transform o (x, ). Since®

is conserved in the large-scale limit, the power-spectra
in Egs. (34), (35) can balentified as the classical
power-spectra at later epoch. We have in mind a
scenario in which the inflation based on a field or a
generalized gravity is followed by ordinary radiation
and matter dominated eras based on Einstein gravity.
We have shown in Eq. (19) that as long as the scale
remains in the super-horizon scade is conserved
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independently of the changing gravity theory from
one type to the other. Therefore, Egs. (34), (35) are
now valid for the classical power-spectra. The spectral
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6. Discussions

As we have shown in this Letter, even in a class of

indices of the scalar and tensor-type perturbations in generalized gravity theories included in Eq. (1) we can

Eq. (28) become
ns —1=2(2¢1 — €2 + €3 — €a),
(38)

For the scale independent Zel'doviaty(— 1~ 0~
nr) spectra the quadrupole anisotropy becomes

ny = 2(e1 — €3).

(a3) ={a3)s + (a3);

b4 13

= %Pm + 7.74g 3—277%3,
which is valid for K = 0 = A; for a general situ-
ation with nonvanishingA, see [24]. The four-year
COBE-DMR data give(a2) ~ 1.1 x 10710, [25].
From Eqgs. (34), (35) the ratio between two types of
perturbations, = (a2)7/(a)s becomes

w

2
8:GF +3e3>.

We kept the second term in the RHS because it is
the only nonvanishing term in the case of pyreRr)
gravity [26]. In the limit of Einstein gravity we have
rp = —13.8¢; = —6.92n7 which is independent o¥

and is the well known consistency relation. Notice that
ro depends on the two additional parametersind

F which characterize the generalized nature of our
gravity theories.

Inflation based on Einstein gravity with a mini-
mally coupled scalar field is a simple case wih=
1/(8n G) andw = 1. In this case we hawg = 0=¢4
and Z = 1. The power spectra of slow-roll inflation
[23] belong to Egs. (34), (35), (38). Accuracy of the
slow-roll approximation compared with the exact in-
tegration of the fundamental equation in Eq. (10) has

(39)

rp= 13.8(—61 (40)

present the results quite similarly as in Einstein gravity
case and in unified forms. The effects of generalized
gravity appear in two additional parametéfsand w
which are reflected in the two additional slow-roll pa-
rameterss ande4. One important underlying reason
for such simple results in apparently complicated and
diverse gravity theories belonging to Eq. (1) can be
traced to the conformal transformation property of the
gravity theory we are considering [30].

In addition to the coherent and unified presentation
of the classical evolution and quantum generation
processes, the slow-roll power spectra in Section 5 can
be regarded as new contributions of the present work.
These results, in fact, include results from most of
the inflationary scenarios based on generalized gravity
as well as Einstein gravity theory. In generic forms,
Egs. (34), (35), (38) show the amplitudes and spectral
indices of the generated structures, and Eq. (40) shows
the ratio of gravitational wave contribution relative to
the scalar-type structure. Various previous studies on
the subject can be regarded as specific limits of these
generic results.
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higher-order effects of the slow-roll parameters in a
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The presence of andw, thuses, ¢4 and Z's in
Egs. (34), (35), (38), (40) indicates the deviation from
the Einstein gravity. Inflationary spectra in various in-
flationary models based on generalized gravity theo-
ries made in [26,29] can be recovered by simply re-
ducing our general results in this Letter.
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