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Abstract

We presentan efficientand robustalgorithmfor parameterizinghe perspectivesilhouetteof a canal surfaceand
detectingead connecteccomponenbf the silhouette A canal surfaceis the envelopeof a moving sphee with
varying radius,definedby the trajectoryC(t) of its centerand a radiusfunctionr(t). Thismoving sphee, S(t),
touchesthe canal surfaceat a characteristic circle K(t). We decompos¢he canal surfaceinto a setof charac-
teristic circles,computethe silhouettepointson ead characteristiccircle, and thenparameterizethe silhouette
curve Theperspectivesilhouetteof the sphee S(t) froma givenviewpointconsistf a circle Q(t); byidentifying
thevaluesoft at which K(t) andQ(t) touch, we canfind all the connectecdomponentsf the silhouettecurve of

thecanalsurface

CatagyoriesandSubjectDescriptorgaccordingo ACM CCS) 1.3.7[ComputerGraphics]ThreeDimensionalGraph-

icsandRealism

1. Introduction

Silhouettecurves provide a visual cue to the shapeof an
object and have mary practicalapplications:for instance,
in computingthe visible areaof an object, removing hid-
dencurwes,back-fceculling andnon-photorealisticender
ing 1234567811216 17 Thereare two kinds of silhou-
ettecurve: parallelsilhouettesorrespondo idealizedview-
points at an infinite distancefrom the object; perspectie
silhouettescorrespondo real viewpointsat finite locations.
Generally the shape®f a parallelsilhouetteanda perspec-
tive silhouetteare quite different,andit is moredifficult to
computethe perspectie silhouettethanthe parallel silhou-
ette.

Markosianet al. 12 useda randomizedalgorithmto find

T This work wassupportedby the Brain Korea21 Project,Reset-
tlementFundsof Ajou University, 2001,andanITRC Projectspon-
soredby the Ministry of InformationandCommunicatiorof Korea.
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silhouettesof polyhedralmodels.They found a silhouette
edgeby examining only a small subsetof the edgesin the
model,andthentracedthe entire silhouettefrom aninitial
edge BenichouandElber! computedoarallelsilhouetteof
polygonalobjectsusingthe Gaussiarsphere They mapped
the normal vectorsof edgesof the objectandthe view di-
rectionon to the Gaussiarspherewherethey becomegreat
arcsanda greatcircle. Then,they projectedthat datafrom
the Gaussiarsphereon to a circumscribingcube,wherethe
arcsandthe circle on the Gaussiarspherebecomestraight
lines. They computedthe silhouettecurve by intersecting
theselines. Krishnanand Manocha'' computedthe paral-
lel silhouetteof a free-formsurfaceby usingthe marching
methodto tracethesilhouettecurvesfrom patchboundaries.

Kim andLee!? presente@methodfor computingthepar
allel silhouetteof surfacesof revolution andcanalsurfaces.
They utilized thefactthatboththesetypesof surfacecanbe
decomposeihto a setof circles,andthe normalvectorsof
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thesecirclesform a cone.Using thesecharacteristicsthey
computedhe parallelsilhouettef the surfaces.

The formulation of the perspectie silhouetteof a para-
metric surfaceS(u, v) from the viewpoint O is well-known.
The silhouetteconsistsof a setof surfacepointswhich sat-
isfy

(S(U,V) - 6) . N(U,V) =0,

whereRl(u, V) is a surfacenormal. Although the equationis
not difficult to define,tracingthe curve representedby this
equationis difficult becaus¢he equationis animplicit form,
usuallyof high degree.

In this paperwe presentainefficientandrobustalgorithm
for parameterizinghe perspectie silhouetteof a canalsur
face,anddetectingall the connecteccomponent®f the sil-
houette A canalsurfaceis the envelopeof a moving sphere
with varyingradius,andis usefulfor representindong thin
objects:for instancepipes,poles,ropes,3D fonts, brassin-
strumentspr internalorgansof the body 4. Canalsurfaces
are alsofrequentlyusedin solid and surface modelingfor
CAD/CAM. Representate examplesare naturalquadrics,
tori, pipesurfacesandDupin cyclides!? 15,

For computergraphicsandanimation,modelsconsisting
of canalsurfaceshave severaladwantages:

1. Renderingof themodelcanbe doneefficiently 14 18,

2. Computingthe distancebetweenmodels(andhencede-
tectingcollisions)is relatively rapid.

3. Constructiorof themodelis easy

4. The geometricinformationto representhe modelonly
requiresa smallamountof space.

However, therearedefinitelimits to the shapeghat canbe
modeledwith canalsurfaces.

A canalsurfaceis definedby thecentertrajectoryC(t) and
radiusfunctionr (t) of amoving sphereThismaving sphere,
S(t), toucheghecanalsurfaceatacharacteristicircle K (t).
We decompos¢he canalsurfaceinto a setof characteristic
circles,computethe silhouettepointson eachcharacteristic
circle, andthenparameterizeéhe silhouettecurve. The per
spectve silhouetteof thesphereS(t) from a givenviewpoint
consistsof a circle Q(t). By identifying the valuesof t at
which K(t) and Q(t) touch,we canfind all the connected
component®f thesilhouettecurve of the canalsurface.

This paperis organizedasfollows. In Section2, we shav
how to decomposa canalsurfaceinto a setof circles,and
thenrepresenthe surfacein a parametridorm. We param-
eterizethe perspectie silhouetteof a canalsurfacein Sec-
tion 3. In Section4, we proposetwo methodsto find each
connectedomponenbf the perspectie silhouette Then,in
Section5, we presentan algorithmto computethe perspec-
tive silhouetteand Section6 containssomeexamples.We
concludethis paperin Section?.

2. Parameterization of a Canal Surface

In this sectionwe parameteriza givencanalsurfaceby de-

composingt into asetof characteristicircles.Let usdenote
the spinecurve andtheradiusfunctionof a canalsurfaceas
C(t) andr(t). Then,asurfacepoint p = (x, Y, z), whichis on

themoving spherecenteredat C(t) with radiusr (t), satisfies
thefollowing property:

IB—C(t)l>~r(t)*=0. 1)

Thepoint p is ontheenvelopesurfaceof themoving sphere,
sothefollowing propertyis alsosatisfied:

(B—C)-C'O)+r®)r'(®)=0. (2)
Equationq1) and(2) definea canalsurface.

If a(t) is the angle betweentwo vectors p— C(t) and
C'(t), the following equationcan be derived from Equa-
tions(1) and(2) (seeFigurel):

(B—C()-C'(t)
[B=COIlC ®I

'
= Teon ®)

coxa(t) =

Figurel: AcircleK(t) onthesphee S(t).

Let usdenotethe moving spherewith centerC(t) andra-
diusr(t) asS(t). If S(t) touchesthe canalsurfaceat a cir-
cleK(t), thenthenormalvectorof the planewhich contains
K(t) is C'(t). Using Equation(3), we computethe center
M(t) andradiusR(t) of thecircle K(t) asfollows:

M(t) = C(t)+r(t) cow(t)%
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' c'(t
—rr “)nc'(())nz

IC(®)[[2—r"(t)?
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Then,the canalsurfaceis parameterizeds
K(t,0) = M(t) 4+ R(t)(cosBby (t) + sinBby(t)),

where0 < 8 < 2m, andb;(t), by(t) arethe basisvectorsof
the planewhich containsK (t):

R(t)

Il
—
—
—
=
0,
>
Q
—
=
N

=r(t)

= Clt)yxC"(t)

210 = o) x e

= C'(t) x by(t)

b. = - .
U= o < By

3. Parameterization of the Per spective Silhouette

Givena canalsurfacewith spinecurve C(t) andradiusfunc-
tion r(t), tmin < t < tmax let this be aregular surface.That
is, we assumethatr(t) > 0, ||C’(t)[|* > r'(t)?, andC(t) is
C2-continuous|f K(t, ) is the parametriaepresentatioof
given canalsurface,we denotethe normalvectorof K(t, 8)
asN(t, 8). FromagivenviewpointO = (Ox, Oy, O;), theper
spectve silhouetteof the canalsurfaceis the setof points
which satisfy

N(t,8)- (K(t,8) — O) = 0.

Usually the normal vector of a surfaceK(t,8) may be
computedrom thefollowing equation:

OK(1,0) _OK(1,6)
at ®

However, for a canalsurface,we maysimplify therepresen-
tation of the normalvectorsothatit becomes

N(t,8) = K(t,0) —C(t).

Theactualdegreeof this equationis usuallylower thanthat
implied by the vectorproduct.

N(t,8) =

The equationof the perspectie silhouetteof K(t,8) may
be expandedasfollows:

(K(t,8) — C(t))- (K(t,8) — ©) = 0.

By replacing K(t,8) with M(t) + R(t)(cosBby(t) +
sinBby(t)), thefollowing equatioris derived:

A(t) cosB + B(t) sin6+ D(t) =0, (4)
where
A) = By(t)-(C1) - O)
B(t) = be(t)-(C(t)-O)
D(t) = —r'(t)|(C(t)—5)-C’(t)+r(t)IIC’(t)||2_

IC'OIVIC ®I2—r'(t)>
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UsingEquation(4), we canderive thefollowing formulafor
thefunctionsof 8 in Equation(4) :

_ —A()D(t) £ B(t)/A)?+ B(t)2 - D(t)2
cosh = A(t)2+B(t)?2
sing — —A(t) c;(sg— D(t)

Substitutingback, we are ableto parameterizehe per
spectve silhouetteof the canalsurfaceasfollows:

Bt) = M(t) +R(t) (c(t)ba (t) +s(t)Ba(t)), ()

where

 _AWD() £B(t) /AT BI)Z D2
= A(t)2 +B(>
G - A )(éff) D(t)

4. Detecting each Connected Component

In Section3, we derivedthe parametriaepresentationf the
perspectie silhouettecurve of a given canalsurface, f(t)
(Equation(5)). If we computeasetof pointsp(t) by varying
thevalueof theparametet, andconnecthem,thenthecom-
ponentsof the silhouettearetraced.The value of A(t.)? +
B(t«)? — D(t«)? determinesvhetherthe circle K t., 8) con-
tainsa silhouettepoint or not. If A(t«)%+ B(t«)®> — D(t)? is
positive, thenK(t«,8) containstwo silhouettepoints;if it is
negative, K(t«, 8) containsnone.

Functions A(t), B(t), and D(t) are continuous;thus,
A(t)? +B(t)2 — D(t)? is alsoa continuousfunction. If there
aretwo valuesty andty, suchthattmin < to,t1 < tmax and
whichalsosatisfyA(t)2 + B(tg)? — D(to)? < 0 andA(t; )2 +
B(t1)? — D(t)2 > 0, thenthereexists a valuetm betweerto
andt; suchthatA(tm)2+ B(tm)? — D(tm)? = 0. Thereforethe
solutionsof t which satisfyA(t)? + B(t)? — D(t)? = O repre-
sentthe boundaryvaluesof t for the connecteccomponents
of thesilhouette.

In order to find eachconnectedcomponentof the per
spectve silhouette we needa way to solve A(t)? + B(t)? —
D(t)2 = 0. This equatioris expandedasfollows:

I ®)IPAIC 1 ' (©)%)
((Ba(t) - (C(t) — O))* + (Ba(t) - (C(t) — 0))?)

—(=r'®)(C(t) = 6)-C'(t) +r®IC'®)[%)* = 0. (6)

If the basisvectorsb (t) andby(t) of the characteristicir-
clesarerepresenteasequationsof low degree,thenEqua-
tion (6) maybe solvedwithout greatdifficulty. However, the
vectorsby (t) andb,(t) containcross-producandsquareoot
terms,sothedegreeof this equations usuallyhigh. We now
introducea methodspecificallyfor suchcases.

On a canal surface K(t,0), the characteristiccircle
K(t«, 0) is embeddedh a sphereS(ts) with centerC(t«) and



Figure2: CirclesK(t) andQ(t) ona sphee t).

radiusr (t«). Froma given viewpoint 08, the perspectie sil-

houetteof S(t.) may be computedasfollows. Let p denote
an arbitrary point on S(t«), and let Np denotethe normal
vectorof S(t.) at p. Then,Np canberepresenteds

Np = p—C(tx)

andthe perspectie silhouetteof S(t«) consistof the points
which satisfy

(p—0)-Rp=(p—0)-(p—Cfts)) = 0.
Notice that (R — O) - (X — C(t«)) = 0, wherex € R, repre-
sentsa spherewith center(O + C(t«))/2 andradius||O —
C(t«)||/2. Thus,the point p is embeddedn the intersection

of two spheresandthelocusof p formsacircle. We denote
thiscircleasQ(t«) (seeFigure2).

Let us considerthe silhouettepointson the canalsurface
asthe intersectionof two circles. The silhouettepointslie
onthesphereS(t). All pointsonthecanalsurfacethatlie on
S(t) areembeddedh thecircle K(t), sothesilhouettepoints
areon K(t). From the viewpoint O, the silhouettepoint on
S(t) is embeddedn Q(t). Thus,amongthe pointson S(t),
thesilhouettepointsof the canalsurfaceconsistof theinter-
sectionbetweerK (t) andQ(t) (seeFigure3(a)).

In orderto computethe silhouettepoints by varying the

Kim andLee/ ThePerspectiveSilhouette

(b)

Figure3: Asilhouettecurveconsistof K(t) NQ(t).

valueof t continuouslylet usassumehatK(t) N Q(t) # @,
whereti_1 <t <tj; andK(t) NQ(t) = 0, wheret_, <t <
ti_1andt <t <tiy1. Thenforti_1 <t <tj, theintersection
betweerK(t) andQ(t) compriseneconnectedomponent
of thesilhouette(Figure3(b)). In thiscasefort € {ti_1,t},
thecirclesK(t) andQ(t) touchat a single point. The value
of t at eachsuchpoint is a boundaryvalue of one of the
connectedtomponent®f the canalsurfacesilhouette.

Therelative positionof two circlesK(t«) andQ(t«) may
be classifiedinto threecasesi) they intersectat two points,
i) they do notintersect,andiii) they intersecttangentially
WhenK(t+) and Q(t«) intersectat two points,thesepoints
are embeddedn the silhouetteof the canal surface (Fig-
ure 4(a)). If K(tx) and Q(t«) do not intersect,then K(t«)
doesnot containary silhouettepoints (Figure 4(b)). In the

submitteddco COMPUTERGRAPHICSForum (10/2002).
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lastcaseK(t«) andQ(t«) touchatapoint, or thetwo circles
arecoincident(Figure4(c)).

We may detectthe caseswhenK(t) and Q(t) touch by
consideringhe coneswhich containK(t) andQ(t), respec-
tively. Thesurfacenormalsat pointsonK (t«, 8) form acone
I (t«) with its vertex atC(t«) andits axis parallelto C'(t.).
Thehalf-angleof I'(t), a(t«), satisfiesEquation(3) (please
referto Section2 andFigurel). CircleK(t«, 8) is embedded
in the sphereS(t«) with centerC(t«) andradiusr(t«). Let
usdenotethe conewith vertex C(t«), andcontainingQ(ts« ),
aslg(t«). Theaxisof [q(t«) is parallelto O — C(t.). If we
denotethehalf-angleof theconeasp(t« ), thenthefollowing
relationis satisfied(seeFigure?2):

-
TR v

The necessanandsuficient conditionfor K(t) andQ(t)
to have atangentintersectioris thatthetwo conesl (t) and
Iq(t) touch,andthis conditionis representetly theequation

y(t) = la(t) £B()],
wherey(t) is the anglebetweenthe axesof ' (t) andq(t)
(i.e. betweerC' (t) andO—C(t)), and0 < y(t) < Tt(seeFig-
ure4(c)). We cannow derive thefollowing equation:

cosy(t) =codqa(t) £P(t)) = cosa(t) cosP(t) £ sina(t) sinp(t).

. . C'(t)-(G—C(t))
UsingEquationg3), (7), andcosy(t) = ——+—~———*-,
: _ IC" OO —=CmI
this equationcanbe expandedo become

(©—C(1)-C'(1))*+2r(t)r' (1)(B—C(t)) - C'(t)
—I8—-cIIC ®)I” -r'®)?)
HIC ®)IPr(t)* =0. ®)

Thesolutionof Equation(8) providestheboundaryaluesof
t for eachconnectedomponentComparedo the degreeof
Equation(6), that of Equation(8) is lower, so Equation(8)
providesthe bettersolutionto find the boundarywaluesof t.

5. Algorithm

In the algorithmPer sp_Silhouette_of _Canal_Surface, we
have implementeda methodof computingperspectie sil-
houetteof a given canalsurfacepresentedn Sections3 and
4,

6. Examples

In this sectionwe presensomeexamplesof computingthe
perspectie silhouettef canalsurfaces.

Heélical Surfaces

We may represent helical surfaceas a canalsurfacewith
the spine curve C(t) = (Acost,Asint,kt) and the radius

submittedto COMPUTERGRAPHICSForum(10/2002).

S-ct) Q)
(c)

Figure4: Therelativepositionof twocirclesQ(t) andK(t).



Al gorithm

Persp_Si | houette_of _Canal _Surface

I nput :
C(t) = (x(t),y(t),z(t)), /* spine curve */
r(t), /* radius function */
O = (Ox,0y,0), /* viewpoint */

begin
/* degenerate case */
for each t.e{ t | Alt)=
if D(t«)=0 then
draw a circle K(ts,0), 0<8<2m

0 and B(t)=0 } do

/* generic case */
T = {tminatmaX}U{ t |

((G—C(t)-C'(1)*+2r(t)r'(t)(G—C(t)-C'(t)
—IG—COIPIC' O = r'()) + IS ONr (t)? = 0};
sort t values inT: T={¢t]0<i<n}

for i =1to n—1do begin

te = (i1 +1)/2;

i f A(ts)?+B(t:)>—D(ts)>>0 then begin
for ti_1<t<t, draw a curve
M(t) +R(t )(caﬁl( )+sa52( )), wher e

A (t)/At)2+B(t)2—D(t)?
- A( )2+ B(1)2 '
and sa= (—A(t)ca—D(t))/B(t);

for ti_1<t<t, draw a curve
M(t) + R(t)(cpba(t) + spb2(t)), where

_ —AMD(t) —B(t)v/At)?+ B(t)2 - D(t)
- A(t)2+B(t)2 '
and s = (—A(t)co — D(t))/B(Y);
end
end
end
functionr(t) = A. Thecenterandradiusof eachcharacteris-

tic circle maybewritten as

M(t) = (Acogt,Asint,kt)
Rit) = A
with thebasisvectors
o (ksint, —kcogt, A)
bi(t) = ——F——>—
A2+k2

by(t) = (cog,sint,0).

We assumehat the viewpointis O = (Ox, Oy, O;). Then
the perspectie silhouetteof the helical surfaceis repre-
sentedby theimplicit equation

A(t) cosb+ B(t)sin8+ D(t) =0,
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where
1 .
At) = /vamr (Akt — Oxksint + Oykcost — OzA\)
B(t) = A —(Oxcost+ Oysint)
D(t) = A.

The implicit equationA(t)? + B(t)? — D(t)? = 0, which
representthe boundaryvaluesof t for eachconnectedom-
ponentof the silhouettecannow bederived:

(A — Oxcost — Oysint)?
1 .
+ Az e Akt — Oxksint + Oykcost — 02 —N2=0.

Figure 5 shavs an example of a perspectie silhouette
computedor ahelicalsurface.

Figure5: Theperspectivesilhouetteof a helical surface

The Dupin Cyclide
A Dupincylide
(C+y?+ 7 — 12 +b%)% — 4(ax—cp)? — 4b’y* =0,

wherea® = b? 4 ¢, a,b> 0andc, 4 > 0, mayberepresented
asa canalsurfacein thefollowing form °:

C(t) = (acog,bsint,0)
r(t) = —ccost+p

The centertrajectoryandthe radiusof the characteristicir-
clesare

M(t) = (acog,bsint,0)
(—asint,bcog, 0)

—csint(—ccogt + p) a2 )
( 1 a2sir’t + b2 cot

b(—ccost + )

V/a2sirPt + B2 coft’

submittedco COMPUTERGRAPHICSForum (10/2002).
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with thebasisvectors
Bl(t) = (anal)
o bcost, asint,0
ba(t) = ( )

V/a2sirft + b2co@t

With usingthe conditiona® = b? + ¢2, the functionsA(t),
B(t), andD(t) maythenbederied:

Alt) = =0,
B(t) = (ab— Oxbcost — Oyasint)/+/ &% — c?cogt
D(t) = (ccost(—b”— pccost + Oybsint + Oxacos)

+a(pa— Oxc))/(by/ a2 — c2co<t).

To computethe values of t which correspondto the
boundaryof eachconnectedcomponentwe may use ei-
thertheequationA(t)? + B(t)? — D(t)? = 0 or Equation(8).
When we comparethe degree of thesetwo equationswe
find thatthe degreeof A(t)? + B(t)2 — D(t)? = 0/is 12, but
thatof Equation(8) is only 8. It is thereforeeasierto solve
Equation(8), andthis equationcanthenbe expanded

(—Oxasint + Oybcost + ¢ cost sint)

(—Oxasint + Oybcost — ccost sint + 2ucsint)

—b%(||8||? — 20xacost — 20ybsint + b® + 2uccost — )

+c?sinft(c? coft — 2uccost + ) = 0.

Figure 6 shavs an example of a perspectie silhouette
computedor a Dupin cyclide.

Figure 6: Theperspectivesilhouetteof a Dupin cyclide

Other Examples

Figure 7 shawvs examplesof the perspectie silhouetteof
three-dimensionahodelsconsistingof canalsurfacesonly.
The degree of the spinecurves andradiusfunctionsof the
canalsurfacesin thesemodelsarea maximumof three.

submittedto COMPUTERGRAPHICSForum(10/2002).

Figure 7: Theperspectivesilhouettef a teapot,a scoop,
andan octopus.

7. Conclusions

We have presenteéd methodto computethe perspectie sil-

houetteof a canalsurface.We proposech methodto param-
eterizethe perspectie silhouetteof a canalsurfaceandpre-
sentedan efficient and robust methodto find all the con-
nectedcomponent®f a silhouette.

A canalsurfaceis the envelopeof a moving spherewith
varyingradius.We decomposed canalsurfaceinto a setof
circles,and computedthe silhouettepoints on eachcircle.
To find eachconnecteccomponenif the silhouettecurwe,
we utilized two circles definedon the moving sphereS(t),
which containgheperspectie silhouetteasa circle andalso
a characteristicircle of the canalsurface. The intersection
of thesetwo circlesis embeddedn the perspectie silhou-
ette of the canalsurface.By computingthe valuesof t at
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whichthetwo circlestouch,wewereableto find all thecon-
nectedcomponent®f theperspectie silhouetteof the canal
surface.
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